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ABSTRACT
SHACL (SHape Constraint Language) is a W3C recommendation
for validating graph-based data against a set of constraints (called
shapes). Importantly, SHACL allows to define recursive shapes, i.e.
a shape may refer to itself, directly of indirectly. The recommendation left open the semantics of recursive shapes, but proposals
have emerged recently to extend the official semantics to support
recursion. These proposals are based on the principle of possibility
(or non-contradiction): a graph is considered valid against a schema
if one can assign shapes to nodes in such a way that all constraints
are satisfied. This semantics is not constructive, as it does not provide guidelines about how to obtain such an assignment, and it may
lead to unfounded assignments, where the only reason to assign a
shape to a node is that it allows validating the graph.
In contrast, we propose in this paper a stricter, more constructive
semantics for SHACL, based on stable models, which are well-known
in Answer Set Programming (ASP). This semantics additionally requires a shape assignment to be properly justified by the input constraints. We further exploit the connection to logic programming,
and show that SHACL constraints can be naturally represented as
logic programs, and that the validation problem for a graph and a
SHACL schema can be encoded as an ASP reasoning task. The proposed semantics also enjoys computationally tractable validation in
the presence of constraints with stratified negation (as opposed to
the previous semantics). We also extend our semantics to 3-valued
stable models, which yields a more relaxed notion of validation,
tolerant to certain faults in the schema or data. By exploiting a
connection between 3-valued stable model semantics and the wellfounded semantics for logic programs, we can use our translation
into ASP to show another tractability result. Finally, we provide a
preliminary evaluation of the approach, which leverages an ASP
solver to perform graph validation.
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INTRODUCTION

Constraints have traditionally been used to ensure quality of data in
relational databases [3] and for semi-structured data [2]. Recently,
constraints have also attracted considerable attention in the context
of RDF data [8, 9, 23], and graph-structured data more generally [14,
15, 17, 19, 24]. Several systems already provide facilities for RDF
validation (see, e.g., [13]), including commercial products.1, 2
This created a need for standardizing a declarative language
for RDF constraints, and for formal mechanisms to detect and describe violations of such constraints. SHACL, or SHapes Constraint
Language,3 is one of the most important efforts in this direction,
and has become a W3C recommendation in 2017. The specification
provides a machine-readable language to specify constraints for
data on the Web. It also suggests algorithms to detect and describe
constraint violations.
SHACL groups constraints in so-called “shapes” to be verified by
certain nodes of the graph under validation, such that shapes may
reference each other. As an example, consider the social network
in Figure 1. Links are stored via a hasFriend relationship, and we
depict other information about users in this network. We can now
use SHACL to specify that all users in a network must be connected
to at least one other user. We do it by constructing a shape User and
specifying that all User nodes must satisfy the following constraint:
User ← (∃hasFriend.⊤)
This constraint is written in the abstract syntax proposed by Corman et al. [9], and specifies that each User must satisfy the expression on the right hand side of the constraint, in this case, that it
must have a hasFriend-successor in the graph. In this paper, we use
this syntax for readability, but these constraints can be transformed
into SHACL constraints as defined in the official recommendation,
and conversely. To complete the SHACL schema, we must also
specify which are the target nodes of the shape User, i.e. which
nodes have to comply to it for the graph to be valid. In SHACL,
one can declare particular nodes as targets, or one can state more
general constraints such as “all nodes that have the type ‘person’
(in the graph) must comply with the shape User”. In this paper, we
1
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Figure 1: A graph G depicting a social network
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⟦⊤⟧I = V (I )

⟦c⟧I = {c}

⟦p⟧I = {(a, b) | p(a, b) ∈ I }

⟦p − ⟧I = {(a, b) | p(b, a) ∈ I }

⟦E ∪ E ′ ⟧I = ⟦E⟧I ∪ ⟦E ′ ⟧I

⟦E · E ′ ⟧I = ⟦E⟧I ◦ ⟦E ′ ⟧I
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have a well-founded justification. To see the importance of such
justifications, recall the shape Elite and the constraint
Elite ← (∃hasYacht.⊤) ∨ (∃hasFriend.Elite)

⟦E ∗ ⟧I = {(a, a) | a ∈ V (I )} ∪ ⟦E⟧I ∪ ⟦E · E⟧I ∪ ⟦E · E · E⟧I ∪ · · ·
⟦s⟧I = {b | s(b) ∈ I }

⟦¬ϕ⟧I = V (I ) \ ⟦ϕ⟧I

⟦ϕ 1 ∨ ϕ 2 ⟧I = ⟦ϕ 1 ⟧I ∪ ⟦ϕ 2 ⟧I

⟦ϕ 1 ∧ ϕ 2 ⟧I = ⟦ϕ 1 ⟧I ∩ ⟦ϕ 2 ⟧I

A1 ={Elite (Tim), Elite (Eve)}
A2 ={Elite (Tom), Elite (Ann), Elite (Tim), Elite (Eve)}

⟦∀E.ϕ⟧I = {a | ∀b : (a, b) ∈ ⟦E⟧I implies b ∈ ⟦ϕ⟧I }
⟦≥n E.ϕ⟧I = {a | |{(a, b) ∈ ⟦E⟧I and b ∈ ⟦ϕ⟧I }| ≥ n}
⟦E = E ′ ⟧I = {a | ∀b : (a, b) ∈ ⟦E⟧I iff (a, b) ∈ ⟦E ′ ⟧I }
Table 1: Evaluation of shape expressions

b ∈ V (G) for each s(b) ∈ A. If A is an assignment for G, then the set
I = G ∪ A is called a decorated graph, and we let V (I ) = V (G).
For a decorated graph I , Table 1 defines the evaluation function
⟦·⟧I , which maps any path expression E to a binary relation ⟦E⟧I ⊆
V (I ) ×V (I ), and any shape expression ϕ to set of nodes ⟦ϕ⟧I ⊆ V (I ).
To complete the SHACL specification, we formalize the notions
of shape schema and target set. We represent targets as shape atoms,
where an atom of the form s(b) represents the requirement for s to
be assgined to (or, validated at) the node b of the input graph4 .
Definition 2.4 (Shape schema). A schema is a pair ⟨C,T ⟩, where
C is set of shape constraints and T is a set of shape atoms.
In SHACL, the most important task is that of validation: given
a graph G and a SHACL schema ⟨C,T ⟩, is the graph valid for the
schema? The specification states that G is valid when for each
target s(b) in T we have that b is a node of G, there is a constraint
s ← ϕ in C and b conforms to ϕ. However, the SHACL specification
leaves explicitly open the definition of “conforms” for recursive
constraints. To address this case, [9] proposed to validate a graph if
there exists an assignment A for G that complies with all constraints
in C, and such that each target s(b) is in A. We will use the term
supported-model semantics to refer to this notion of validation.
Definition 2.5 (Models, supported models, validation). Given a
set C of constraints, a decorated graph I is called a model of C if
⟦ϕ⟧I ⊆ ⟦s⟧I for all s ← ϕ ∈ C. Moreover, I is a supported model of
C if ⟦ϕ⟧I = ⟦s⟧I for all s ← ϕ ∈ C.
A graph G is valid against a schema ⟨C,T ⟩ under the supportedmodel semantics, if there exists an assignment A for G such that (i)
G ∪ A is a supported model of C, and (ii) T ⊆ A.

3

defined in the Introduction, and the graph G in Figure 1. There are
two ways of decorating this graph to obtain a supported model,
and they correspond to the following assignments:

STABLE MODEL SEMANTICS

In this section, we present a new semantics for SHACL constraints,
which refines (by making it stronger) the semantics defined in [9].
The proposed semantics requires the validation of each target to
4

In practice, the SHACL specification also allows to specify the targets of a shape by
specifying that all nodes of a certain rdf:type must be assigned a certain shape.
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Thus, according to the supported model semantics, graph G would
validate against the schema given by this single constraint and targets {Elite (Eve), Elite (Tim), Elite (Ann)}, because G ∪ A2 is a supported model that contains all of these facts.
We would like to define a semantics where the only models in
which one may look for targets are those where all facts in assignments are justified by some constraint. Looking at the example
above, it would be tempting to assume that all we need is to focus
on minimal supported models. In fact, one can check that facts in
models that are not minimal will never be justified by constraints.
However, as the following example shows, this is not enough.
Example 3.1. Consider the following set C of shape constraints:
Elite ← (∃hasYacht.⊤) ∨ (∃hasFriend.Elite)
Common ← ¬Elite
Set C extends the constraints discussed in the introduction with an
additional shape Common, and the constraint that all nodes that are
not assigned Elite must be assigned shape Common. There are two
supported models for C that extend G, they come from assignments
A1′ ={Common (Tom), Common (Ann), Elite (Tim), Elite (Eve)}
A2′ ={Elite (Tom), Elite (Ann), Elite (Tim), Elite (Eve)}
Again, using assignment A2′ is debatable because the assignment
of Elite to Ann or Tom is not justified. But the assignment A1′ does
satisfy all of our requirements. This time, however, both G ∪ A1′
and G ∪ A2′ are minimal supported models of C.
Our goal next is to define a semantics that prohibits unfounded
justification cycles as observed in this example. To address this
we draw inspiration from the stable model semantics for logic
programs with negation. Intuitively, in a stable model of C every
shape atom s(b) must have a well-founded justification that involves
an applicable constraint s ← ϕ ∈ C. The shape expression ϕ at
the node b might easily require the justification of further shape
atoms. This process may lead to arbitrarily long justifications, but
they are required to be well-founded, i.e. non-circular. Technically,
this is achieved by means of a level assignment, which first assigns
an integer (level) to every shape atom of a decorated graph, and
which is then extended to assign levels to more complex shape
expressions at different nodes of the graph. Intuitively, a stable
model I of a constraint set C is then defined as a supported model
of C, where additionally every shape atom s(b) is justified by a
constraint s ← ϕ ∈ C with the pair of ϕ and b assigned a strictly
lower level than s(b).
Let us make the above ideas more formal.

WWW ’20, April 20–24, 2020, Taipei, Taiwan

Definition 3.2. Let I be a decorated graph. A level assignment
for I is a function level that maps tuples in {(ϕ, a) | a ∈ ⟦ϕ⟧I } to
integers, and satisfies the following conditions:

Definition 4.1 (Normal form for SHACL). A SHACL constraint is
in normal form if it has one of the following forms:

(a) level(ϕ 1 ∧ ϕ 2 , a) = max({level(ϕ 1 , a), level(ϕ 2 , a)})

(NF1)

s←⊤

(NF4)

′

s ← s ∨s

(b) level(ϕ 1 ∨ ϕ 2 , a) = min({level(ϕ i , a) | i ∈ {1, 2}, a ∈ ⟦ϕ i ⟧I });

(NF7)

s ← ∀E.s ′

(c) level(≥n E.ϕ, a) is the smallest k ≥ 0 for which there are n
nodes b1 , .., bn such that level(ϕ, bi ) ≤ k, (a, bi ) ∈ ⟦E⟧I and
bi ∈ ⟦ϕ⟧I for all 1 ≤ i ≤ n;
(d) level(∀E.ϕ, a) = max({level(ϕ, b) | (a, b) ∈ ⟦E⟧I , b ∈ ⟦ϕ⟧I }).
We now define validation under stable model semantics, analogously to the supported model semantics of the previous section.
Definition 3.3 (Stable model semantics and validation). A decorated graph I is stable model of a set C of constraints, if
(i) I is a supported model of C, and
(ii) there exists a level assignment level such that: for all s(a) ∈ I ,
level(ϕ, a) < level(s, a), with s ← ϕ the constraint for s in C.
A graph G is valid against schema (C,T ) under stable model semantics, if there exists an assignment A for G such that (i) G ∪ A is a
stable model of C, and (ii) T ⊆ A.
We next illustrate how the proposed semantics handles the validation problem in Example 3.1.
Example 3.4. Take a level assignment including the following
pieces, with b ∈ {Tom, Ann, Tim, Eve}:
level(⊤, b) = 0

level(∃hasYacht.⊤, Eve) = 0

level(Common, Tom) = 0

level(¬Elite, Tom) = 0

level(Common, Ann) = 0

level(¬Elite, Ann) = 0

level(Elite, Eve) = 1

level(∃hasFriend.Elite, Tim) = 1

level(Elite, Tim) = 2
Then for G ∪ A1′ , this level assigment obeys condition (ii) in Definition 3.3, and thus G ∪ A1′ is a stable model of C. It is not difficult to
see that G ∪ A2′ does not admit a level assignment, and thus is not
a stable model of C.

4

TRANSLATION INTO LOGIC PROGRAMS

We next show that SHACL constraints can be encoded as a logic program in a way that the stable models of the input constraints are in
one-to-one correspondence with the stable models of the resulting
program, which opens the way to exploit existing logic programming engines to enable reasoning in SHACL. The translation is not
only efficient (polynomial time under the unary coding of numbers),
but also data-independent, which allows a single program resulting
from input constraints to be used to validate multiple graphs.

4.1

Normal Form

Let us first define a normal form that will facilitate the presentation
of the target translation.
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(NF2)
′′

s ←c
′

(NF5)

s ← ¬s

(NF8)

s ← ≥n E.s ′

(NF3)

s ← s ′ ∧ s ′′

(NF6)

s ← E = E′

Here, c ∈ N, and s, s ′, s ′′ ∈ S.
One can rewrite set of constraints into a normalized one while
preserving its meaning, by recursively introducing fresh shapes for
sub-expressions that appear in constraints:
Proposition 4.2. A set C of constraints can be transformed in
polynomial time into a set C ′ of constraints in normal form such
that, for any graph G and target set T , G validates against (C,T ) iff
G validates against (C ′,T ). This holds both for the supported-model
semantics and the stable model semantics.

4.2

Answer Set Programming

We now recall the stable model semantics of logic programs [6].
We let Nconst , Nvar , and Npred be infinite, mutually disjoint sets of
constants (like a, b, c, . . .), variables (like X , Y , Z , . . .), and predicate
symbols (like r , p, q, . . .), respectively. Elements of Nconst ∪ Nvar are
also called terms. Each predicate symbol p ∈ Npred is associated
to non-negative integer ar(p), which is called the arity of p. A
predicate symbol p is n-ary if ar(p) = n. If p is an n-ary predicate
symbol, and t 1 , . . . , tn are terms, then the expression p(t 1 , . . . , tn )
is called an atom. A rule r is an expression of the form
h ← b1 , . . . , bn , not bn+1 , . . . , not bm ,

(1)

where n, m ≥ 0, h, b1 , . . . , bm are atoms. The atom h is called
the head of r (denoted head(r )), the atoms b1 , . . . , bn are called
the positive body atoms of r , while bn+1 , . . . , bm are the negated
body atoms of r . We let body + (r ) = {b1 , . . . , bn } and body − (r ) =
{bn+1 , . . . , bm }. Each rule r as in (1) is required to be safe, i.e. every
variable X that occurs in h or bn+1 , . . . bm must also occur in some
atom among b1 , . . . , bn . A program P is any finite set of rules. If Γ
is a program or a rule with no occurrences of “not”, then Γ is called
positive. If Γ is a program, a rule or an atom with no occurrences
of variables, then Γ is called ground. A ground rule of the form
h ←, i.e. with no positive nor negated body atoms, is called a fact,
and is often written simply as an atom h. A substitution σ is any
partial function from Nvar to Nconst . We denote by σ (r ) the rule
obtained from a rule r by replacing every variable X for which σ (X )
is defined with σ (X ). We let const(P) be the set of constants in P.
For a program P, the grounding of P, denoted by ground(P), is the
set of ground rules r ′ such that r ′ = σ (r ) for some rule r ∈ P and
substitution σ s.t. ran(σ ) ⊆ const(P).
An (Herbrand) interpretation is any set of ground atoms. An
interpretation I is a model of a ground positive rule h ← b1 , . . . , bn
if {b1 , . . . , bn } ⊆ I implies h ∈ I . An interpretation I is a model of a
ground positive program P if it is a model of every rule in P. As well
known, any positive ground program P has a unique ⊆-minimal
model, denoted LM(P) and called the least model of P. In particular,
LM(P) is a model of P, and there exists no J ⊊ I that is a model
of P. The semantics of programs with negation is given using a
program transformation due to Gelfond and Lifschitz [16]. Given an
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interpretation I and a program P, we define the reduct of P w.r.t. I as
P I = {head(r ) ← body + (r ) | body − (r ) ∩ I = ∅, r ∈ ground(P)}. An
interpretation I is called a stable model (or answer set) of a program
P if I = LM(P I ).
Example 4.3. Let program P consist of the following rules
Elite (X ) ← Person (X ), not Common (X )
Common (X ) ← Person (X ), not Elite (X )

Rich (X ) ← Elite (X )
Person (Ann) ←

Observe that I = {Person (Ann), Common (Ann), Rich (Ann)} is a
model of P I , but not the least model of P I , since {Person (Ann),
Common (Ann)} is also a model of P I . The only stable models of P
are {Person (Ann), Common (Ann)} and {Person (Ann), Elite (Ann),
Rich (Ann)}.

4.3

Constraint α
s←⊤

s(X ) ← Dom(X )

s ←c

s(c) ← Dom(c)

s ← s′

s(X ) ← s ′ (X )

s3 ← s1 ∧ s2

s 3 (X ) ← s 1 (X ), s 2 (X )

s3 ← s1 ∨ s2

s 3 (X ) ← s 1 (X )

s ← ¬s ′
s←E=

Encoding into ASP

In order to simplify the translation, but also for computational
complexity reasons that will be explained later on, we modularize
the encoding of SHACL constraints into ASP. In particular, we use
a collection of “built-in” predicates to enrich an input graph. For a
given graph G and a set of constraints C, these predicates allow us to
flexibly navigate in G through the extension of each path expression
E that appears in C. These predicates can be precomputed efficiently
in advance (prior to resorting to an ASP reasoner), or one can use
ASP rules (presented later) to express these predicates, obtaining a
fully data-independent translation.
First, the unary Dom predicate allows us to access all nodes
of an input graph G. Then, for a path expression E, we have five
predicates that allow us to navigate the E-fillers of a given node in
G. The binary predicate PropE stores all node pairs (a, b) such that
there is a path from a to b in G that matches E. The unary predicate
EmptyE captures nodes that do not have a filler for E, i.e., each
node a for which there exists no node b such that (a, b) ∈ PropE .
The ternary predicate NextE defines a successor relation over all
E-fillers of a node a, namely NextE (a, b, b ′ ) holds iff b, b ′ are Efillers of a and b ′ is the successor of b. Finally, the binary predicates
FirstE and LastE denote the first and the last E-fillers of a w.r.t. the
successor relation induced by NextE . The formal definition of these
predicates is given below.
Definition 4.4 (Built-in predicates). Assume a graph G and a set C
of constraints. For a node a and a path expression E, let range(E, a) =
{b | (a, b) ∈ ⟦E⟧G }, let E E,a = (b1 , . . . , bk ) denote an arbitrary
enumeration of range(E, a), and let FE,a = b1 and L E,a = bk . Let
GC denote the smallest interpretation with G ⊆ GC , and such that
the following hold for each a ∈ V (G) and path expression E in C:
(I) Dom(a) ∈ GC for all a ∈ V (G);
(II) PropE (a, b) ∈ GC for all b ∈ range(E, a);
(III) EmptyE (a) ∈ GC if range(E, a) = ∅;
(IV) NextE (a, b, b ′ ) ∈ GC for all b, b ′ such that b ′ immediately
follows b in the enumeration E E,a , i.e. if E E,a = (b1 , . . . , bk ),
then b = i, b ′ = i + 1 for some 1 ≤ i < k;
(V) FirstE (a, b) ∈ GC for b = FE,a ;
(VI) LastE (a, b) ∈ GC for b = L E,a .
Definition 4.5 (Translation from SHACL to ASP). Let C be a set
of constraints in normal form. We define the program PC via the
translation described in Table 2.
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ASP rules

s←

E′

∀E.s ′

s ← ≥n E.s ′

s 3 (X ) ← s 2 (X )

s(X ) ← Dom(X ), not s ′ (X )
s α (X ) ← R E (X , Y ), not R E ′ (X , Y )
s β (X ) ← R E ′ (X , Y ), not R E (X , Y )
s(X ) ← Dom(X ), not s α (X ), not s β (X )
s(X ) ← EmptyE (X )
u α (X , Y ) ← FirstE (X , Y ), s ′ (Y )
u α (X , Z ) ← NextE (X , Y , Z ), u α (X , Y ), s ′ (Z )
s(X ) ← LastE (X , Y ), u α (X , Y )
s(X ) ← AtLeast nE,s ′ (X , Y )

The following n + 1 rules are added for each integer n, path
expression E, and a shape name s ′ that appear in a constraint
of the form s ← ≥n E.s ′
AtLeast 0E,s ′ (X , X ) ← Dom(X ) AtLeast 1E,s ′ (X , Y )
FirstE (X , Y ), s ′ (Y )
AtLeast iE,s ′ (X , Z )
i
NextE (X , Y , Z ), AtLeast E,s ′ (X , Y ) AtLeast i+1
E,s ′ (X , Z )
NextE (X , Y , Z ), AtLeast iE,s ′ (X , Y ), s ′ (Z )

←
←
←

Table 2: Translation from SHACL to ASP rules
This translation is correct, in that it reduces validation against a
SHACL schema (under stable model semantics) to checking whether
some atoms belong to some stable models of an ASP program.
Proposition 4.6. Let G be a graph and (C,T ) a shape schema.
Then G is valid against (C,T ) under stable model semantics iff PC ∪GC
has a stable model I such that T ⊆ I .
Proof (Sketch). We first observe that a graph is valid against a
non-normalized schema iff it is valid against its normalized version.
So we focus w.l.o.g. on the case where where C is normalized. (⇒).
If G is valid against (C,T ), then there is a stable model I = G ∪ A of
(G, C) s.t. T ⊆ I . We let I + denote GC ∪ A. Then T ⊆ I + . Now let R
denote the reduct of PC ∪ GC wrt I + . We show that I + is a stable
model of PC ∪ GC , i.e. I + and the (unique) smallest model LM(R)
of R coincide. First, from the translation provided in Table 2, it can
be easily seen that I + is a model of PC ∪ GC , and therefore also a
model of R, so that LM(R) ⊆ I + . Then to show that I + ⊆ LM(R),
we use an alternative definition of LM(R), as the smallest set B that
verifies (i) GC ⊆ B, and (ii) if body + (r ) ⊆ B for some rule r ∈ R with
head(r ) = s(a), then s(a) ∈ B. Now since I is a stable model of (G, C),
there must be a function levelI that satisfies the requirements of
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Definition 3.2. We consider all integers k s.t. level(s, a) = k for some
s(a) ∈ A, and we order them as k 1 , .., kn , so that ki < ki+1 . Then by
induction on i ∈ {1..n}, it can be shown that s(a) ∈ B must hold for
each s(a) such that level(s, a) = ki , based on Definition 3.2, and the
fact that level(s, a) > level(ϕ, a) must hold if s ← ϕ is the constraint
for s in C.
(⇐). Let I be a stable model of PC ∪ GC such that T ⊆ I . We
let I − denote G ∪ A. Then T ⊆ I − . We show that I − is a stable
model of C. First, from the translation provided in Table 2, it can
be easily seen that I − is a model of C. Then we define a function
levelI − that satisfies the requirements of Definition 3.2, as follows.
Let R denote the reduct of PC ∪ GC w.r.t. I . Then let A0 , .., An be
the partition of A defined by (i) A0 = ∅, (ii) Ai = {s(a) | r ∈
R, s(a) = head(r ), body + (r ) ⊆ GC ∪ A0 ∪ .. ∪ Ai−1 }. And for
any a ∈ V (G) and path expression E, let qRange(E, a, s) = {b ∈
range(E, a) | s(b) ∈ A}. To define levelI − , we first set level(s, a) = i
if s(a) ∈ Ai for some i ∈ {1..n}. Then we extend levelI − to (some)
other formulas, for each a ∈ V (G), as follows: (i) level(⊤, a) = 0
(ii) level(¬s, a) = 0 if s(a) < A (iii) level(c, a) = 0 if c = a (iv)
level(s 1 ∧ s 2 , a) = max({level(s 1 , a), level(s 2 , a)}) if s 1 (a), s 2 (a) ∈ A
(v) level(s 1 ∨ s 2 , a) = min({level(s 1 , a), level(s 2 , a)}) if s 1 (a) ∈ A or
s 2 (a) ∈ A (vi) level(∀E.s, a) = max( {level(s, b) | b ∈ range(E, a)})
if qRange(E, a, s) = range(E, a) (vii) if |qRange(E, a, s)| ≥ n, then
level(≥n E.s, a) is the smallest k ≥ 0 for which there are a 1 , .., an
∈ qRange(E, a,) s.t. level(s, ai ) ≤ k.
Finally, if ϕ is a shape expression, we let cl(ϕ) designate the set
of formulas that can be built (recursively) by replacing some shape
names in ϕ by their respective definitions in C. And if level(ϕ, a) is
defined, for each ϕ ′ ∈ cl(ϕ), we set level(ϕ ′, a) = level(ϕ, a).
□

4.4

Expressing Built-in Predicates using Rules

All of our built-in predicates can be computed by means of a
SPARQL processor. However, the built-in predicates mentioned
in Section 4.3 can also be encoded as ASP rules using standard
techniques, thus obtaining a translation that is completely independent of the data. Moreover, this also offers the flexibility to delegate
the evaluation of these predicates to an ASP solver, in addition to
constraint validation per se. For space reasons, we delegate the
construction to the full version.

4.5

Stratified Programs and Complexity

It is known that basic reasoning in ASP is not tractable in terms of
computational complexity. For example, the task of checking the existence of a stable model for a ground program P is an NP-complete
problem (see, e.g., the survey [10]). Intuitively, intractability may
arise when a program describes recursion that involves negation, as
this may result in programs with multiple stable models, or no stable
model at all. Prohibiting such recursion leads to the so-called stratified programs (or Datalog with stratified negation). These always
have a unique stable model, which can be computed efficiently. Let
us define this fragment for ASP first, we will later use it to identify
a computationally well-behaved fragment of SHACL constraints.
Definition 4.7 (Stratified program). A program P is called stratified if it can be partitioned into programs P 0 , . . . , Pk such that the
following holds for every 0 ≤ i ≤ k:
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(a) if i < k and p(t®) ∈ body + (r ) for some rule r ∈ Pi , then p
does not occur in the head of any rule in Pi+1 ∪ . . . ∪ Pk ;
(b) if p(t®) ∈ body − (r ) for some some rule r ∈ Pi , then p does
not occur in the head of any rule in Pi ∪ . . . ∪ Pk .

The sequence P0 , . . . , Pk as above is called a stratification of P.

Assume a stratification P0 , . . . , Pk of a program P, and consider
a program Pi with 0 ≤ i ≤ k. Intuitively, condition (a) requires that
the extensions of body atoms can only be populated by the rules
at the lower or current “stratum”, i.e., by the rules in P0 ∪ . . . ∪ Pi .
Condition (b) makes this requirement stronger: the extensions of
negated atoms must be fully defined by the rules at the strictly
lower “stratum”. Together (a) and (b) ensure that a stable model
of P can be gradually built in polynomial time in k + 1 steps by
computing the least models of k + 1 positive programs derived from
P0 , . . . , Pk . In particular, let I 1 , . . . , Ik be interpretations defined as
follows: (i) I 0 = LM(P0∅ ), (ii) In = In−1 ∪ LM(PnIn−1 ), for 0 < n ≤ k.
Then I K is known to be the unique stable model of P.
We now define a notion of stratification for constraints, which
closely resembles the one above.
Definition 4.8 (Stratified shape constraints). A shape name s is
said to occur negatively in a shape expression ϕ if s occurs in ϕ
in a subexpression of the form ¬ϕ ′ . We say that a shape name s
is defined in a set C of constraints if s ← ϕ ∈ C for some shape
expression ϕ.
A set C of constraints is called stratified if it can be partitioned
into sets C 0 , . . . , Ck such that the following hold for 0 ≤ i ≤ k:
(a) if i < k and s ′ occurs in ϕ for some s ← ϕ ∈ Ci , then s ′ is
not defined in Ci+1 ∪ . . . ∪ Ck ;
(b) if s ′ occurs negatively in ϕ for some s ← ϕ ∈ Ci , then s ′ is
not defined in Ci ∪ . . . ∪ Ck .

A set of constraints is stratified if it admits a stratification. By
extension, we say that a schema (C,T ) is stratified if C is stratified.
The set of constraints in Example 3.1 are for instance stratified. Let
C 1 = {Elite ← (∃hasYacht .⊤) ∨ (∃hasFriend.Elite)}, and
C 2 = {Common ← ¬Elite}.
The conditions above are satisfied, since Elite appears negatively
in C 2 but is defined only in C 1 .
We can now make an interesting connection between stratified
ASP programs and stratified constraints. First we observe that constraint normalization preserves stratification. Then it can be easily
seen that the translation of a normalized set of constraints into an
ASP program provided in Section 4.3 also preserves this property.
Lemma 4.9. If C is a stratified set of constraints in normal form,
then PC is a stratified program.
Finally, it is also clear that the translation to PC and GC+ is polynomial in both the size of C and the graph G. Together with Proposition 4.6, this leads to one of the main results of this paper: validation
of stratified constraints under stable model semantics is tractable:
Proposition 4.10. Deciding if a graph G is valid against a stratified schema (C,T ) under stable model semantics is PTIME-complete.
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Proof (Sketch). The upper bound follows from the ASP translation and the complexity of reasoning with stratified programs [10].
For the lower bound, we reduce from the problem of entailment
in positive ground programs. Fix an arbitrary ground atom д. It
is a PTIME-complete problem to decide, given a ground positive
program P, whether д ∈ LM(P) holds. Assume a ground positive
program P. W.l.o.g., we can assume that д appears in P. From P
we construct a graph G P as follows. The set V (G P ) is the set of
nodes cγ , where γ is a ground atom or a ground rule that appears P.
We use two property names prule , patom . For every rule γ in P with
the form h ← b1 , . . . , bn , we add prule (cb1 , cγ ), . . . , prule (cbn , cγ ) to
G P . For every atom h in P and every rule γ in P with head(γ ) = h,
we add patom (cγ , ch ) to G P . Take a set of constraints C P = {s ←
∃patom .s; s ← ∀prule .s}, and let TP = {s(cд )}. It is not difficult to
see that д ∈ LM(P) iff G P validates against (C P ,TP ).
□
This strongly contrasts with validation w.r.t. supported models,
which was shown to be NP-hard in the size of the graph for stratified
constraints [9] . We also observe that the definition of stratified
constraints adopted in this article is less restrictive than the one used
in Corman et al. [9]. Indeed we used ∀ and ∨ as native operators of
the shape expression language, whereas Corman et al. only argue
that they can be expressed by means of ¬ (combined with ∧ and
≥n ). So our notion of stratification identifies a larger fragment of
SHACL as computationally well-behaved (when evaluated under
stable model semantics).
Note that our normal form disregards the ≤n operator, so one
must translate ≤n ϕ as ¬ ≥n+1 ϕ. In what follows, we show that
the ≤n is as problematic as standard negation: validation under
stable model semantics remains intractable when constraints are
allowed to use ≤n , even if they do not use negation.
Proposition 4.11. Deciding if a graph G is valid against a schema
(C,T ) under stable model semantics is NP-hard if C contains expressions of the form ≤n E.ϕ, and none of the form ¬ϕ.
Proof (Sketch). We provide a polynomial time reduction from
3SAT. Assume a 3CNF formula φ = (L11 ∨L12 ∨L13 )∧. . .∧(Lk1 ∨Lk2 ∨Lk3 ).
We build a graph G and schema (C,T ) such that φ is satisfiable iff
G is valid against (C,T ). For every propositional variable v in φ, we
use two shape names v t , v f , and we let sh(v) = v t and sh(¬v) =
v f . We further use the shape names sat and cl 1 , . . . , clk . We set
G = {r (a, a)} and T = {sat(a)}. The set of constraints C is built as
follows. First, for each variable v in φ, C contains the constraints
v t ← ≤0 r .v f and v f ← ≤0 r .v t . Intuitively, they implement a
guess of a truth assignment for the variables in φ. To check that
the assignment causes φ to evaluate to “true”, we add to C the
constraints sat ← cl 1 ∧ · · · ∧clk , and cl i ← sh(Li1 ) for all 1 ≤ i ≤ k,
and all j ∈ {1, 2, 3}.
□
We conclude by observing that validation under the stable model
semantics is not harder in the worst case than validation under
the supported model semantics, for arbitrary (i.e. not necessarily
stratified) constraints. This follows immediately from the fact that
the translation is polynomial, Proposition 4.6 and the known upper
bounds for reasoning in ASP under stable model semantics [10].
Proposition 4.12. Deciding whether a graph G is valid against a
schema (C,T ) under the stable model semantics is NP-complete.
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The NP lower bound above follows immediately because the
setting subsumes prositional ASP programs, for which deciding the
existence of a stable model is NP-hard [10].

4.6

Encoding of Supported Models

We now show that the translation from Table 2 can also be extended
to capture supported model semantics. We note that such an encoding cannot preserve stratification in general (unless P ⊆ NP),
because validation under supported models is NP-complete.
Consider a graph G and a set of constraints C in normal form.
For each shape s defined in C, we introduce a predicate s neg that validates where s does not (and conversely). To this end, we introduce
two rules:
s(X ) ← ¬s neg (X ), Dom(X ). s neg (X ) ← ¬s(X ), Dom(X ).

(2)

For each shape s defined in C, we also introduce a predicate s ∗
and two rules to discard all guessed non-necessary assignments
(direction ⟦ϕ⟧I ⊆ ⟦s⟧I of Def. 2.5):
s ∗ (X ) ← def(s).

⊥ ← s(X ), ¬s ∗ (X ).

(3)

Here, def(s) is the encoding of ϕ given by Table 2 for s ← ϕ ∈ C.
We denote above rules as the program PC2v .
Proposition 4.13. Let G be a graph and (C,T ) a shape schema.
Then the following are equivalent:
• G is valid against (C,T ) under supported-model semantics.
• GC ∪ PC ∪ PC2v has a stable model I such that T ⊆ I .

5

3-VALUED ASSIGNMENTS

Corman et al. also argue that the supported-model semantics we
recalled in Section 2 may be too restrictive in the presence of nonstratified schemas [9]. Intuitively, this semantics requires that every
node in the graph must either verify or violate the constraints
associated to every shape in the schema, regardless of the targets of
the validation task. This may lead to counterintuitive results, where
the constraint for some shape s is met by some node a, but the
target s(a) is nonetheless considered invalid, due to some (possibly
unrelated) node b and some (possibly unrelated) shape s ′ . Consider
the following illustration:
Example 5.1. Consider the following schema and graph:
C ={Teacher ← ∃teaches.⊤ ∨ Experienced,
Experienced ← ∃teaches.¬Experienced}
T ={Teacher (Ann)}
G ={teaches (Ann,Tom), teaches (Tom,Tom)}
Here the only target is Teacher (Ann), and in order to satisfy the
constraint for shape Teacher, it is sufficient to teach to someone,
or to be experienced. Since Ann teaches to Tom, one may conclude
that target is valid. However, there is no consistent way to assign or not assign the (target-free) shape Experienced to Tom. If
Experienced is assigned to Tom, then Tom violates the constraint
for Experienced. Conversely, if Experienced is not assigned to Tom,
then Tom complies with the constraint for Experienced. As a result,
under supported model semantics, the graph is invalid, regardless
of targets. Interestingly, this also holds for stable model semantics.
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[⊤]a, I

=

[c]a, I

=

[s]a, I

=

1 if a = c,
0 otherwise


 1 if s(a) ∈ I

0.5 if 0.5s(a) ∈ I

 0 otherwise


[¬ϕ]a, I

=

1 − [ϕ]a, I

[ϕ 1 ∧ ϕ 2 ]a, I

=

min({[ϕ 1 ]a, I , [ϕ 2 ]a, I })

]a, I

=

[E 1 = E 2 ]a, I

=

[≥n E .ϕ]a, I

=

[∀E .ϕ]a, I

max({[ϕ 1 ]a, I , [ϕ 2 ]a, I })

1 if {b | (a, b) ∈ ⟦E 1 ⟧I } = {b ′ | (a, b ′ ) ∈ ⟦E 2 ⟧I }
0 otherwise
I
b, I = 1} | ≥ n

 1 if | {b | (a, b) ∈ ⟦E⟧ and [ϕ]


 0 if | {b | (a, b) ∈ ⟦E⟧I } |−


| {b | (a, b) ∈ ⟦E⟧I and [ϕ]b, I = 0} | < n


 0.5 otherwise


=

[ϕ 1 ∨ ϕ 2

0.5Experienced (Ann), 0.5Experienced (Tom)}. The assignment A contains all shape atoms in T , hence G is valid against (C,T ) under
3-valued supported-model semantics.

1


5.1

3-valued Stable Models

Even if 3-valued supported models give us the flexibility to leave
assignments undetermined and focus only on what is needed to
verify the targets, this semantics suffers from the same problems we
discussed for the 2-valued supported-model semantics in Section 3.
Thus, it would be desirable to define an analog to 2-valued stable
model semantics that incorporates the idea of 3-valued assignments.
As it turns out, our definition of assignments lets us extend our
level-based definition to the 3-valued case: all we need now is that
undetermined (0.5) literals must also be justified.

1 − [≥1 E .¬ϕ]a, I

Table 3: 3-valued evaluation of ϕ at node a in interpretation I

To address this issue, Corman et al. proposed to use partial assignments, which can leave undetermined whether some shapes
are assigned to some nodes, effectively moving from a 2-valued to a
3-valued setting. We now recall this semantics, under our notation.
Definition 5.2 (shape literal, literal assignment). A shape literal is
an expression of the form s(a) or 0.5s(a), where s(a) is a shape atom.
A set B of shape literals is consistent if there is no shape atom s(a)
such that s(a) ∈ B and 0.5s(a) ∈ B. A literal assignment for a graph G
is any consistent set of shape literals A ⊆ {s(a), 0.5s(a) | a ∈ V (G)}.
If A is a literal assignment for G, then the set I = G ∪ A is called a
literal-decorated graph.
Intuitively, a shape atom 0.5s(a) states that the truth value of
shape name s at node a is undetermined. We now define a function [ϕ]a, I which assigns to every complex shape expression ϕ its
truth value at node a in I . The inductive definition of [ϕ]a, I is an
immediate extension Kleene’s 3-valued logic, and is given in Table 3. Note that in case I is only 2-valued (i.e., if it does not contain
atoms of the form 0.5s(a)), then [·]a, I and ⟦·⟧I collapse, i.e. we have
[ϕ]a, I ∈ {0, 1} and ⟦ϕ⟧I = {a ∈ V (G) | [ϕ]a, I = 1}.
Validation via 3-valued assignments introduced in [9] can be
formulated analogously to validation via 2-valued assignments in
Section 2: first define 3-valued supported models, and then consider
a graph valid iff there exists a 3-valued supported model of the
graph and constraints that contains all targets.
Definition 5.3 (3-valued supported models, validation). A literaldecorated graph I = G ∪ A is a 3-valued supported model of a set
C of constraints if for each s ← ϕ ∈ C and for each node a ∈ V (G)
(a) A contains s(a) iff [ϕ]a, I = 1, and (b) A contains 0.5s(a) iff
[ϕ]a, I = 0.5.
A graph G is valid against schema (C,T ) under 3-valued supportedmodel semantics if there exists a literal assignment A such that (a)
G ∪ A is a 3-valued supported model of C, and (b) T ⊆ A.
Example 5.4 (Example 5.1 continued). The graph G has a 3-valued
supported model of C, given by A = {Teacher (Ann), Teacher (Tom),
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Definition 5.5. Let I be a literal-decorated graph. A level assignment for I is a function level that maps tuples in {(ϕ, a) | a ∈
[ϕ]a, I > 0} to integers, and satisfies the following conditions:
a) level(ϕ 1 ∧ ϕ 2 , a) = max({level(ϕ 1 , a), level(ϕ 2 , a)})
b) level(ϕ 1 ∨ϕ 2 , a) = min({level(ϕ i , a) | i ∈ {1, 2}, [ϕ i ]a, I = t }),
where t = [ϕ 1 ∨ ϕ 2 ]a, I
c) level(≥n E.ϕ, a) is the smallest k ≥ 0 for which there exist n
nodes c 1 , . . . , c n such that
d) [ϕ]c 1, I ≥ [≥n E.ϕ]a, I , . . . , [ϕ]c n , I ≥ [≥n E.ϕ]a, I , and
e) (a, c i ) ∈ ⟦E⟧I and level(ϕ, c i ) ≤ k for all 1 ≤ i ≤ n;
(1) level(∀E.ϕ, a) = max({level(ϕ, b) | (a, b) ∈ ⟦E⟧I , b ∈ ⟦ϕ⟧I }).
We can now define 3-valued stable models and the corresponding
notion of validation:
Definition 5.6 (3-valued stable models). A literal-decorated graph
I is a 3-valued stable model of a set C of constraints if
(i) I is a 3-valued supported model of C, and
(ii) there exists a level assignment level such that: for all s(a) ∈ I ,
level(s, a) > level(ϕ, a) with s ← ϕ the constraint for s in C.
Definition 5.7 (Validation in 3-valued stable models). A graph G is
valid against a schema (C,T ) under 3-valued stable model semantics
if there exists a literal assignment A for G such that (i) G ∪ A is a
3-valued stable model of C, and (ii) T ⊆ A.
Example 5.8 (Example 5.1 continued). Recall graph G and schema
(C,T ) from Example 5.1, and the assignment A = {Teacher (Ann),
Teacher (Tom), 0.5Experienced (Ann), 0.5Experienced (Tom)}. In order to show that I = G ∪ A is a stable model of C, we use a level
assignment level containing the following parts:
level(∃teaches.⊤, Ann) = 0

level(⊤, Tom) = 0

level(⊤, Ann) = 0

level(∃teaches.¬Experienced, Tom) = 0

level(Teacher, Ann) = 1

level(¬Experienced, Tom) = 0
level(Experienced, Tom) = 1

The notion of 3-valued stable models is also studied in logic
programs. We use the notion from [21] (we note that the use of 3
values to relax the semantics of a logic program in order to draw
reasonable conclusions from incoherent programs has a long tradition in the logic programming community; see, e.g., [4, 12, 18, 22]).
We can provide a proof of concept for our semantics: G ∪ A is a
3-valued stable model of a normalized set C of constraints iff GC ∪A
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is a 3-valued stable model of the ASP encoding PC of C. So validation under 3-valued stable model semantics can be characterized in
terms of 3-valued stable models for ASP programs:
Proposition 5.9. A graph G is valid against a shape schema
(C,T )under 3-valued stable model semantics iff PC ∪ GC has a 3valued stable model I such that T ⊆ I .

5.2

Cautious Validation

In their efforts to lift the SHACL semantics to recursive constraints,
Corman et al.[9] only focused on what can be seen as brave validation: all we need is one supported model that contains all targets.
However, it is also natural to study cautious validation, which corresponds to validating those targets that are valid in all supported
models. In logical terms, this corresponds to entailment. Of course,
cautious validation can also be defined for 2-valued stable model
semantics or 3-valued stable model semantics.
A key advantage of the 3-valued stable model semantics defined
above is that it enjoys tractable algorithms for cautious validation.
This can be seen by exploiting the link between 3-valued stable
models of logic programs and the well-founded semantics of logic
programs (see, e.g., [7, 25] for more details on the well-founded
semantics, and [21] for the connection to the 3-valued stable model
semantics of logic programs). Let us begin with the formal definitions of cautious validation.
Definition 5.10. A graph G is valid against a schema (C,T ) under
cautious 3-valued stable model semantics if T ⊆ A for each literal
assignment A for G such that G ∪ A is a 3-valued stable model of C.
Example 5.11. Consider a set C with the following constraints:
CurrentStudent ←¬PastStudent ∨ ∃hasStudID.⊤
PastStudent ←¬CurrentStudent ∨ ∃hasWithdrawnDate.⊤
Intuitively, a person should be considered as currently a student
in case s/he has a student ID, or one cannot infer that s/he is a
former student. The second constraint tells us that a person should
be considered a former student if s/he has withdrawn, or it is not
possible to validate that the person is currently a student. Consider
the graph G with the following facts:
hasStudID(Ann, 123), hasWithdrawnDate(Bob, 1.1.19), Person(Eve).
Take T1 = {CurrentStudent(Eve)} and T2 = {PastStudent(Eve)}.
We observe that, both in the 2-valued and the 3-valued settings,
the supported-model and the stable model semantics allow to validate T1 and T2 (clearly, none of the semantics validate T1 ∪ T2 ).
This might be undesirable in some applications, and here cautious validation becomes handy. Observe that neither T1 nor T2
are validated under the cautious semantics. However, naturally
T3 = {CurrentStudent(Ann), PastStudent(Bob)} does get validated.
Cautions validation can be decided in polynomial time for the
case of 3-valued stable model semantics.
Proposition 5.12. It is a PTIME-complete problem to decide, given
an input graph G and a schema (C,T ), whether G is valid against
(C,T ) under cautious 3-valued stable model semantics.
Proof (Sketch). The upper bound follows from the fact that a
schema (C,T ) and a graph G always have a unique 3-valued stable
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model I that is maximal w.r.t. shape literals of the form 0.5s(v), i.e.,
that sets as much to “undefined” as possible. This 3-valued stable
model is the most “skeptical” among all 3-valued stable models,
and can be used to answer cautious validation queries. Importantly,
such a representative 3-valued stable model coincides with the wellfounded model of the translated program PC ∪ GC [21], and can
therefore be computed in polynomial time [25].
We note that the PTIME lower bound follows from the proof of
Proposition 4.10, and holds already for data complexity.
□

6

PROTOTYPE IMPLEMENTATION

A key advantage of the stable model semantics for SHACL is that
one can outsource the validation problem to an off-the-shelf ASP
solver. To test the usefulness of this approach, we have developed
a prototype implementation that translates SHACL constraints
(in normal form) into ASP programs and evaluates them using
the DLV5 solver. All results were obtained on a MacBook Pro 2.7
GHz Core i5, 8 GB RAM. Our goal was to measure the runtime
of obtaining the translation from an input RDF graph and shape
schema into an ASP program, according to Table 2, and the time
needed for the solver to validate the targets w.r.t. 2-valued and 3valued stable models semantics. As dataset, we used DPpedia,6 more
precisely the RDF files: "Person Data", "Instance Types", "Labels",
"Mappingbased Literals" and "Mappingbased Objects". To test for
scalability, we have constructed three different RDF graphs DP10 ,
DP 20 and DP50 by randomly selecting 10%, 20% and 50% respectively
of each RDF file. Given that non-recursive shape shemas can be
encoded into SPARQL, we focused on recursive ones. We tested 3
recursive shemas: S 1 consists of 12 normalized shape constraints,
S 2 of 11 and S 3 of 10. All shapes use constraints of the form ϕ 1 ∧ ϕ 2 ,
¬ϕ, and additionally, S 1 and S 2 use ≥n E.ϕ, while S 3 uses ϕ 1 ∨ ϕ 2 .
The resulting ASP translation contains 59 Datalog rules for S 1 , 53
for S 2 , and 43 for S 3 . To identify targets of the form {s(a)} that
get validated for each input schema and data set, we queried the
resulting 2-valued, respectively 3-valued stable models. The input
schemas are available online together with the implementation7 .
The first step in our evaluation was to extract the triples of the
RDF graph that were relevant for each set of constraints, based on
the signature of each input schema. Figure 2 shows that such an
extraction can be performed reasonably fast. Then for all schemas,
the execution time of the obtained ASP program was less than 1
minute over extracted facts for DP 10 and DP20 , while it was less
than 2 minutes for DP50 , which shows that this validation approach
is feasible in practice, as long as the ASP solver is fed with the
relevant facts.
One can further optimize the validation process by precomputing
the grounding of the built-in predicates (i.e., NextE (X , Y , Z )) over
the facts, and then run the reduced ASP encoding (without the rules
for built-in predicates) over the extended set of facts. Table 4 shows
the concrete numbers, and in particular that this optimization leads
to a slight performance boost, especially for larger datasets.
We also counted the number of valid targets per semantics, and
observed that for S 1 and S 2 , and for each of the 3 datasets, the same
5 http://www.dlvsystem.com/dlv/

6 https://wiki.dbpedia.org/develop/datasets/dbpedia-version-2016-10

7 https://github.com/medinaandresel/shacl-asp
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In the meantime, we see this work as an important step towards
the efficient implementation of SHACL validation. There is still
work to be done if one wants to lift our prototype implementation
to a fully-fledged validation engine. But it may initiate an interesting
line of work that fosters the connection between the Semantic Web
and Logic Programming communities.
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