Database Theory

Worst-case Optimal Join Algorithms

Ormatics




What is the best possible
running time we can hope for
when evaluating a query?



Two parts are unavoidable:
1. Reading the input relations.
2. Writing the full output.

l[deally, we want an algorithm that does not do significantly more than that.

Formally, for query g with relations Ry, ..., R, and database D we want time

O fig)- ) IRPI+g(q) - 1qD)| | oo
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Input relations Output size



|s such an algorithm possible?

No @
(Unless NP=RP)



What if we relax this a bit to a bound
depending on the largest answer for some relation sizes?

Formally, let g be a query with relations Ry, ..., R, and et N = (Ny, ..., NY).
Let D(N) be the set of all databases (over Ry, ..., R)), such that R. has exactly N; tuples.

s there an algorithm that answers g for some given input D’ € D (N) in the following time:

O\ fq) - Z N;+g(q) - sup |q(D)|

DeIJ(N)
—i

Output size of the “worst-case instance”



Algorithms that evaluate conjunctive
queries in such time are callead
“Worst-case Optimal Join Algorithms”

(f(q) Z N;+g(q) - sup [q(D) I)

DeIJ(N)

Where f, g are polynomial.



WorstCase Output Size

Let’s first try and understand  sup

DeIJ(N)

Consider the query g := {(x,2) | R{(x,y) A Ry,(y,2)}
and fix N = (1,2), thatis R, has 1tuple, R, has 2.

Whatis sup |[g(D)|?

DeI(N)

| g(D) | here equals 2.
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e It Is easy to see

| g(D) | better.
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‘hat other databases

not create larger

‘esults.



WorstCase Output Size

Let’s first try and understand  sup | g(D)| better.
DeJ(N)

q = 1(x,2) | Ri(x,y) ARy, y) AR3(Y', 2) }

with N = (2,1,2) with N = (2,2,2)
sup |g(D)| =4 sup |[g(D)| =4
DED(N) DeJ(N)

with N — (Nl’ Nz, N3)
?



Worstcase Output Size
The question of worst-case output size is interesting in itself.
letg :={(x,y,2) | E(x,y) A E(y,2) A E(x, 2)}(the triangle query).

Finding the worst-case output size for g is the same as finding the
maximum number of triangles in a graph with a fixed number of edges!




Bounding the Number of Triangles

Let usanalyse g := {(x,y,2) | E(x,y) A E(y,2) A E(x,2)} with |E| = m.

Naive bound:
This is ajoin of three relations, so it cannot be larger than

the product of their sizes. We get | g(D) | < m”.

Bit more thought:

Considerg":= {(x,y,2) | E(x,y) A E(y,2)}, clearly g'(D) 2 g(D).
But this is only one join, so we see |g(D)| < |g'(D)| < m*



Bounding the Number of Triangles

The best possible asymptotic bound is in fact 0(m3/2)!



Bounding the Number of Triangles

We write A(v) for Split the vertices into heavy vertices H and light vertices L,

the degree of v H={veV|AW)>+ym}and, L=V\H
L ',,v'v;d'g'e,, ----- E How many triangles have at least 1 light vertex?
: /0\ : Such a triangle has an edge connecting a wedge of a light vertex v.
i : m
: AW : Because Vv is light, there are at most A(v) > such wedges.
1 < wedges! 1
: i : VI v 32 ||
e e mmmmm————- : Hence there are at most Z A(v) < dm = m Recall,

2 2 D AW) <2|E]
veL |
iNn any graph.

“light trianales” in the whole agraph.



Bounding the Number of Triangles

We write A(v) for Split the vertices into heavy vertices H and light vertices L,
the degree of v H={veV|AW)>+ym}and, L=V\H.

How many triangles have only heavy vertices?
| H |

3

there cannot be more “heavy” triangles.

-urthermore, observe that | H| < 2\%: else Z A(v) > 2\/%\% =2m

We use the known veH

| _(n . H 3
nequality <C> =7 So there are at most ( | ) < |H|? =8/m = 8m*?heavy triangles
3

There are at most ( ) combinations of three heavy vertices, so clearly




Bounding the Number of Triangles

To summarise:

-very vertex is either heavy or light.

32 triangles that contain a light vertex.

3/2

There are at most m

There are at most 8m~'“ triangles that contain only heavy vertices.

= There are at most O(mg/ 2) triangles in a graph with m edges.



Back to Queries

We now know the triongle query outputs at most
O(|E \3/2) tuples.

SO a worst-case optimal join algorithm should take

O(f(g) - | E|””) time

How?



Back to Queries

Let us switch to a more general version of the triangle query:
g =RNMXSNXT
with schema R(A,B) S(B,C) T(C,A)

We can use the same argument as before to show that this query has
maximum output size O(max{ |R |, |S|, | T| }*'%).

We can actually strengthen this to the following (we will see how later)

qD) <+/IR|-|S|-|T)




WCQOJ for A\ — Alg |

o [IRI-1S
VoI

R" < {(a,b) €R: |os_,R| > 0} - Notethat |R"| < |R|/0
R' < {(a,b)€R: |o,_ R| <0)

A= RN S)XT [R' S| < [R"| -S| < |S|-|R1/6=+/TR]-ISI- 1T
/N, =R'MT)XS RIS T|<|T|-0=+/IR|-|S|-|T|
Return A1UA2




WCO| for A — Alg 2

Fora € myR N w1
Forb € mgo,_, R N 7mpS
Forc € meo,_, I N mrop_1S

Output (a, b, c)

Note that we can compute X N Yin time O(min (| X |, | Y])).

The tricky part is to bound how often the inner-most loop runs.
(See more in a Theory Exercise)



General Size Bounds




WorstCase Output Size

Analysing every query like we did for the triongle
IS not feasible.

R(x{, %) A S(xy, x3) A R(x3,x4) A R(xy, x5) A S(x5, X)) Rw,x,y) ASCe,v,2) ATw,y,2) A Uw, x, 7)




Fdge Covers

Let H be a hypergraph. We write I(v) for the set of incident
edges to vertex v. Thatis, I(v) ;= {e € E(H) | v € e}

L
TR
.
.
QA

[ (v) .................................... % -
S
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Fdge Covers

AN,

7

==

weight 5
edge cover

An edge cover is a function
w: E(H) > {0,1} suchthat ) w(e) > I

weight 3
edge cover

e€l(v) for every vertex v



Why Edge Coverse

Recall our initial argume

Nt for-

triang

‘he worst-case size bound of the

e query.

Bit more thought:

Consider g := {(x,¥,2) | E(x,y) A E(y,2)}, clearly g'(D) 2 q(D).
But this is only one join, so we see |g(D)| < |g'(D)| < m?



Why Edge Coverse

What we did was find the smallest subguery that contained all the
variapbles and observed that the output cannot be larger than that join.

Bit more thought:
Consider q¢" := {(x,y,2) | E(x,y) A E(y, 2)}, clearly g'(D) 2 g(D).
But this is only one join, so we see |g(D)| < |g'(D)| < m?




Why Edge Covers?

find the smallest subguery that contained all the variables

=
find a minimal weight edge cover in the query hypergraph

Y/ \Z

Cover with 2 OltOm; = Cover with 3 atoms =
|g(D)| < | D] lg(D)| < |D|’




Fractional Edge Covers

A fractional edge cover is a function
w: E(H) — [0,1] such that Z w(e) > 1

(the unit interval)
ecI(v) for every vertex v

weight 1.5 weight 2.5
fractional edge cover fractional edge cover



[Fractional) Edge Covers

The minimal weight of an edge cover of hypergraph H is

called the edge cover number of H. Denoted by p(H).

The minimal weight of a fractional edge cover of hypergraph
H is called the fractional edge cover number of H.

Denoted by p™*(H).

-asy standard observation: p™*(H) < p(H)



The AGM Bound

Theorem (Grohe & Marx; 2006)
Let w be a fractional edge cover of CQ g over relations Ry, ..., R;.

k
Then lg(D)| < H | R; ‘W(Ri)
i=1

For simplicity we assume that g is self-join free. That is, every

relation symbol R; occurs only once in g. This is just to simplity
notation, the theorem holds analogously with self-joins.




AGM Bound — Example

gs = R(x{, %) A S(Xxy,x3) A R(x3,x4) A R(xg,X5) A S(xs,X7)

weight 2.5
fractional edge cover

The AGM bound then specifically tells us that
1gs(G)| < |R|”? -S| - |R|”-IRI° - 181" = |R|"™|S]



The AGM Bound

Let's simplify by using |R;| < | D|. Then the upper bound in the
theorem becomes

k
gD < []1D1"® = [D|Z®) = | p @
=1

Hence we also commonly simplity the runtime we want from a
WCQOJ algorithm to

O (f(q) | D’ W)



How do common RDBMS engines
perform relative to the AGM bound?



Relational Algebra as Execution Plans

We express execution strategies of database engines in
terms of relation algebras. Complexity of the execution
strategy will follow from two simple basic facts:

1. Thejoin R X S can be computed in
O(|R|+|S|+|R M S]|)time.

2. A projection i, (R) can be computed in
O(|R|) time.



Join Plans and RDBMS

A typical RDBMS processes joins as a tree of joins

qs ‘= R(x;, %) A S(xy,x3) A R(xs, x4) A R(xy, X5) A S(x5, x71)

Formally we say they are
evaluated in terms of
join-plans.

A join plan is a relational
algebra expression consisting
only of joins (and renaming).

(873 X (R34 XA Ry 5)) X (S 5 X R, )



Join Plans are Suboptimal

Theorem (Atserias, Grohe & Marx; 2008)

For every m, N € N there are CQs g with | g| > m and databases
D with | D| > N such that:

1. p*(q) < 2 andtherefore |g(D)| < \D\z

|

2. Every join plan for g has a subplan y with |w(D)| > | D \?log‘q‘

Intuitively, this means that join plans are super-polynomially worse than a worst-

case optimal join a
intermediate results t

gorithm. In these queries they have to compute large

nat are much more expensive than the actual output size.



Join-Project Plans

A join-project plan for evaluating a query is a relational
algebra expression that allows joins as well as unary (to one
variable) projections.

't turns out that with a simple join-project plan we can already
get very close to worst-case optimality!

Theorem (Atserias, Grohe & Marx; 2008)
Let g be a CQ. There exists a join-project plan for g that can

be evaluated in time 0( lg|* | DP9t )




The Join-Project Plan

Suppose a CQ R(x;) A - AR _(X,). For simplicity say all relation names
are different and attributes are renamed to match the variables in the CQ.

hat is, the query is equivalent to the join query g := Ry X - X R, .

LletA = {qq, ..., a,} be the attributes in g and define B; = {ay, ..., a;}.

Let ) := (- (mp (R)) X 75 (Ry)) X -+ X 75 (R,,))
Pit1 = (((¢l X ”BiH(Rl)) X ﬂBiH(Rz)) - Mg 1(Rm))

Observe that ¢.(D) = n(q(D)) and thus g(D) = ¢, (D)



The Join-Project Plan

Let ) := (- (mz (R)) M 75 (Ry)) X -+ X 7 (R,,))
Pitr1 = (((¢l X 7TBZ.+1(R1)) X 7TBZ.+1(R2)) SRR ﬂBi+1(Rm))

Observation 1: For every i < n, we have |@/(D)| < |D \p*@

Consider g; = ”Bi(Rl) JoUREA ﬂBl-(Rm)' then p*(q;) < p*(q).
And then |p(D)| = |g(D)| < |D|”"% < |D|”"?.



The Join-Project Plan

Let ) := (- (mz (R)) M 75 (Ry)) X -+ X 7 (R,,))
Pitr1 = (((¢l X 7TBZ.+1(R1)) X 7TBZ.+1(R2)) SRR ﬂBi+1(Rm))

Observation 2: All intermediate results in computing @,
are contained in ¢.(D) X dom(D).

So we can compute each join in O( | $(D)|-|D|)time.



The Join-Project Plan

Let ) := (- (mz (R)) M 75 (Ry)) X -+ X 7 (R,,))
Pitr1 = (((€bl X 7TBZ.+1(R1)) X 7TBZ.+1(R2)) SRR ﬂBi+1(Rm))

Overall computation required:

n - m projections — each requiring 5( | D|)time.

“(@)+1

n - mjoins — each requiring 0(|D 7 ) time.



Conclusion



Practical Implementations

There are more practical algorithms than the join-project plans that we
have seen. They leverage more elaborate data structures to get rid of the

+ 1 in the exponent and other factors.

This year we are unfortunately out of time to go through the algorithm in
detail. It you are interested, the corresponding paper is very readable

Veldhuizen, Todd L. "Leapfrog triejoin: A simple, worst-case optimal join
algorithm." Proc. International Conference on Database Theory. 2014.



Fxercise Sheets

There is one software project exercise where you implement
the 3 WCOJ algorithms we saw today for the triongle query.

There is a theory exercise to dive into the proof of why the
second algorithm is indeed worst-case optimal.



