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Introduction

@ Abstract Argumentation Framework [Dung, 1995]:

@~
S

@ Evaluation: Argumentation Semantics
stb(F) = {{a,b,c}, {a,b,c'},{a,b ,c},{d,b,c},
{a,b', '}, {d ,b,c'}, {d b, c}}

Problem
Can we find an equivalent AF F’ without argument x?
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@ Realizability [Dunne et al., 2014]

e Structural analysis of the expressiveness of argumentation semantics.
e Unlimited use of auxiliary arguments.

= Compact Realizability

@ Compact Argumentation Frameworks

e Each argument occurs in at least one extension.
e “Semantic” subclass.
e Attractive for normal-forms.
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Background

Countably infinite set of arguments 2.

Definition

An argumentation framework (AF) is a pair (A, R) where
@ A C 2 is a finite set of arguments and
@ R C A x A is the attack relation representing conflicts.

(D—(
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OO,

F = ({a,b,c,d,e,f},
{(a,¢),(c,a), (¢, d), (d,c), (d,b), (b,d), (¢, f), (d.f), (f.f), (f,€)})
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Background

Countably infinite set of arguments 2.

Definition
An argumentation framework (AF) is a pair (A, R) where
@ A C 2 is afinite set of arguments and
@ R C A x A is the attack relation representing conflicts.

Definition
Givenan AF F = (A,R),asetSC Ais

| \

o conflict-free if for each a,b € S, (a,b) ¢ R,
@ naive extension if S € cf(F) and 3T € cf(F) : T O S,
@ stable extension if S € cf(F)andVb € A\ S Ja € S: (a,b) € R.

Signature of semantics o: ¥, = {o(F) | F is an AF}

Thomas Linsbichler, August 22, 2014 Compact Argumentation Frameworks 4/20



Compact Realizability

Definition

Given a semantics o, an extension-set S C 2% is called compactly
o-realizable if there exists an AF F = (Argsg, R) such that o(F) = S.

C-Signature: X7 = {o(F) | F = (A,R) is an AF, Args,,p) = A}.
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Compact Realizability

Definition

Given a semantics o, an extension-set S C 2% is called compactly
o-realizable if there exists an AF F = (Argsg, R) such that o(F) = S.

C-Signature: X7 = {o(F) | F = (A,R) is an AF, Args,,p) = A}.

Definition

Given an extension-set S,
@ Argsg = Uges S, and
@ Pairss = {(a,b) | 3S € S : {a,b} C S}.

Canonical Argumentation Framework

Fs = (Argss, (Argss x Argss) \ Pairss)
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Compact Realizability: Naive Semantics

T ={{a,b,'},{a,b',c},{d,b,c},{a,b,c}}.
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Compact Realizability: Naive Semantics

T ={{a,b,'},{a,b',c},{d,b,c},{a,b,c}}.
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naive(Fr) = T.
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Compact Realizability: Naive Semantics

U= {{av b, CI}7 {aa v, C}: {a,a b, C},{d,—b,—e}}.
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Compact Realizability: Naive Semantics

U= {{av b, CI}7 {aa v, C}: {a,a b, C},{d,—b,—e}}.

@@(?
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naive(Fy) =T # U.
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Compact Realizability: Naive Semantics

U= {{aa b, CI}7 {aa v, C}: {a,a b, C}a{ﬂTbe'}}-

@@(?
(==

naive(Fy) =T # U.

@ ST = naive(Fs) = stb(Fs)
@ S~ =ST\S

¥ e ={SC2%|S#0,S =St} = Jnaie.

naive
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Compact Realizability: Stable Semantics

Proposition
For every extension-set S € Xy it holds that if S| < 3 then S € X¢,,.
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Compact Realizability: Stable Semantics

Proposition
For every extension-set S € Xy it holds that if S| < 3 then S € X¢,,.

Proposition

For every extension-set S € Y54, such that for each S € S there is an
a€ SwithVT € (S\ {S}):a ¢ TthenS € X,.

Thomas Linsbichler, August 22, 2014 Compact Argumentation Frameworks 7/20



Compact Realizability: Stable Semantics

Proposition
Yiaive = Linaive C L C Lt

Example
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Compact Realizability: Stable Semantics

Given an extension-set S, an exclusion-mapping is the set

s = J {(s,s(5)) | s € S st (s,f5(S)) ¢ Pairss}
ses—
where fs : ST — Argss is a function with fs(S) € (Argsg \ S).
An extension-set S is called independent if there exists an
exclusion-mapping fRs such that
@ ‘Rs is antisymmetric, and
@ VS € SVae (Argsg \S) : s € S: (s,a) ¢ (Rs U Pairss).

For every independent extension-set S € g it holds that S € X¢,,.
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Compact Realizability: Stable Semantics

Definition

We call an AF F = (A, R) conflict-explicit under semantics o iff for each
a,b € A suchthat (a,b) ¢ Pairs, ), we find (a,b) € R or (b,a) € R (or
both).

stb(F) = {{a,d}, {b,c}}.
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Compact Realizability: Stable Semantics

Definition

We call an AF F = (A, R) conflict-explicit under semantics o iff for each
a,b € A suchthat (a,b) ¢ Pairs, ), we find (a,b) € R or (b,a) € R (or
both).

| A

Example
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stb(F) = {{a,d}, {b,c}}.
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Compact Realizability: Stable Semantics

Explicit-Conflict-Conjecture

For each AF F = (A, R) there exists an AF F’ = (A, R’) which is
conflict-explicit under the stable semantics such that stb(F) = stb(F").

Theorem
Under the assumption that the EC-conjecture holds,

Yo = {S € Xty | S is independent}.
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Explicit-Conflict-Conjecture

stb(F) = {{a,d}, {b,c}}.
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Explicit-Conflict-Conjecture

S

(¥ A A 2

stb(F) = {{a1,a2,x3},{a1,a3,x2},{az,a3,x1}, {s,y} }.
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Explicit-Conflict-Conjecture

(¥ A A 2

stb(F) = {{a1,a2,x3},{a1,a3,x2},{az, a3, x1},{s,y} , {a1,a2,a3}}.
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Explicit-Conflict-Conjecture

S

(¥ A A 2

stb(F) = {{a1,a2,x3},{a1,a3,x2},{az,a3,x1 }, {s,y} s{arrara3t}.
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Impossibility Results

@ Decision procedure for compact realizability supposed to be hard.
@ Shortcuts can be achieved by impossible numbers.

@ Maximal numbers for non-compact frameworks:
[Baumann and Strass, 2014].

@ Based on results for maximal independent sets [Griggs et al., 1988].

@ Subsequent results hold for o € {stb, sem, pref, stage, naive}.
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Impossibility Results

Proposition

Given an extension-set S, the component-structure K (S) of any AF F
compactly realizing S under o is given by the equivalence classes of the
transitive closure of Pairss, i.e. (Pairss)".

| A

Example
S:{{a7 b7 C}’ {a7 bl’ Cl}’ {al? b7 C/}7 {a/7 bl? c}? {a7 b? Cl}? {a7 b/7 C}? {a/7 b7 C}}
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Impossibility Results

Proposition

Given an extension-set S, the component-structure K (S) of any AF F
compactly realizing S under o is given by the equivalence classes of the
transitive closure of Pairss, i.e. (Pairss)".

| A

Example
S:{{a7 b7 C}’ {a7 bl’ C/}7 {a/7 b7 C/}7 {a/7 bl? C}? {a7 b? Cl}? {a7 b/7 C}? {a/7 b7 C}}

Given an extension-set S where [S| is odd, it holds that if 3K € K(S) :
|K| = 2 then S is not compactly realizable under semantics o.
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Impossibility Results

con (n) = max{|o(F)| | F € AF,, F connected}

Umax
n, ifn <5,
oo () = 42 33—13; = ifn>6andn =3,
35 4 2571 ifn>6andn=3s+1,

31 43.252 ifn>6andn =3s+2.

Definition
We denote the set of possible numbers of o-extensions of a compact and
connected AF with n arguments as P¢(n).

| h
|
|
|
A,

v

© vp e P(n) : p < omzi(n).
@ Exact contents of P¢(n) unknown.
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Impossibility Results

Proposition
Let S be an extension-set that is compactly realizable under semantics o
where K>»(S) = {Kj,...,K,}. Thenforeach 1 <i <nthereisa

pi € P<(IKi]) such that [S| = [T._, pi.

V ={{a,b,},{a,b',c},{d,b,c},{d, b, c

B8
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Impossibility Results

Proposition

Let S be an extension-set that is compactly realizable under semantics o
where K>»(S) = {K1,...,K,}. Thenforeach 1 <i < nthereisa
pi € P¢(|Ki|) such that [S| = T, p:.

Example
V={{ab,} {a, b c},{d,b,c},{d,V,c

¥

Corollary

Let extension-set S with |Argss| = n be compactly realizable under o. If
S| is a prime number, then [S| < o5 (n).

A
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Compact Argumentation Frameworks

0 CAFsem C CAFpref
Q@ CAFgy C CAF, C CAFpaive for o € {pref, sem, stage}

For o € {pref, sem, stage}, AF F = (A,R) € CAF, and E C A, itis
coNP-complete to decide whether E € o (F).
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Conclusion

Summary

@ Compact realizability

e Exact characterizations hard to find
e Missing step for stable semantics: EC-Conjecture

@ Shortcuts via impossible numbers of extensions

@ Full picture of relations between compact AFs under the considered
semantics

Future Work

@ Exact characterizations of compact signatures.

@ Closing the gap between general and compact realizability with
fragments of ADFs.

@ Explicit-Conflict-Conjecture.
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