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Zusammenfassung

Diese Diplomarbeit widmet sich der Berechnung der Wahrscheinlichkeitsdichte der
Allelfrequenzen in einer Population iiber die Zeit innerhalb eines bi-allelischen Mo-
dells mit Selektion und Drift. Dafiir wird von einem Diffusionsmodell ausgegangen,
welches das Wright-Fisher- und das Moran-Modell approximiert. Diese Modelle wer-
den kurz vorgestellt. Die Dichte der Allelfrequenzen ist eine Losung der Kolmogorov
Vorwérts- und Riickwértsgleichungen, die sich aus dem Diffusionsmodell ergeben. Ei-
ne Losung zu diesen Gleichungen wurde bereits von Kimura (1955) gefunden. Der
Losungsweg von Kimura (1955) und ein dhnlicher von Song and Steinriicken (2012)
wird beschrieben und ein weiterer Losungansatz vorgestellt. Der neue Losungsansatz
basiert auf der Transformation der Kolmogorov Vorwértsgleichung in eine Differenti-
algleichung, die durch Sphéaroidfunktionen gelost wird. Im Anwendungskapitel werden
die unterschiedlichen Dichtefunktionen anhand von Simulationen und Graphiken ver-

glichen.



Abstract

This thesis is about the derivation of a formula for the density of allele frequencies of
a biallelic model with selection and drift. The starting point is the diffusion model
approximating the Wright-Fisher and the Moran model. A short summary of the
theory of these models is given in this thesis. The allele frequency transition density
is a solution of the Kolmogorov forward and backward equation resulting from the
diffusion approximation. A solution by Kimura (1955) already exists. The method of
Kimura (1955) and a similar method of Song and Steinriicken (2012) are described
and a further approach is proposed. In the chapter on applications, the resulting

functions are compared by simulations and graphs.
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Chapter 1

Introduction

The evolution of allele-frequencies of a biallelic model with selection and drift over
time in a population is described by the transition density function of the Wright-
Fisher or Moran models. Both models can be approximated by a diffusion process. For
this bi-allelic model with selection and drift, the Kolmogorov forward and backward
equations have been derived. The only parameter is the scaled selection coefficient
v o sN. The allelic proportion given the starting distribution of ¢(z|p,t,v) can be
found for all times by solving the Kolmogorov forward equation. Kimura (1955) gave
a spectral representation of such a solution using the Gegenbauer polynomials. Se-
lection was accounted for by expanding into a Taylor series. After Kimura (1955),
the problem has not been considered for many years. Only lately the topic got more
attention; e.g. Mano (2009) used the solution of Kimura (1955). Recently Song and
Steinriicken (2012) proposed a similar, but slightly different way to find the solution
and an algorithm for the computation that was not based on a Taylor series expan-
sion, but on the solution of an infinite-dimensional system of linear equations. In
this thesis it is shown that the differential equation can be solved using the spheroidal
wave functions by transforming the forward equation into Sturm-Liouville form. Con-
nections to the approaches of Kimura (1955) and Song and Steinriicken (2012) are
pointed out. The spheroidal wave functions and their eigenvalues are implemented
in Mathematica (Weisstein, 2013¢) and in a Mathematica package implemented by
Falloon (2003) and are thus easily available to population geneticists. This thesis is
organised as follows: in Chapter 2 the Wright-Fisher and Moran model are described
and in Chapter 3 the theory for diffusion processes is summarised. The main part
of this thesis is contained in Chapter 4, where the calculation of the allele frequency
density is described. In the Chapter 7?7, a summary of the used mathematical back-
ground is given. The different solutions are compared using graphs and simulations

and the Mathematica code is provided.



Chapter 2

Probabilistic Models in

Population Genetics

In population genetics the Wright-Fisher and the Moran model are used to describe
the change in allele frequencies in a population over generations. We are only consid-

ering the bi-allelic selection drift models without mutation.

The main difference between these two models is that in the Wright-Fisher model, the
generations are strictly non-overlapping. The Moran model has the advantage that
some properties can be calculated exactly where in the Wright-Fisher model they can

only be approximated (Baake, 2008).

2.1 Assumptions

In both models it is assumed that the population is finite; in the Wright-Fisher model
individuals are assumed to be diploid, in the Moran model haploid. Only bi-allelic
models are considered, which means that at the relevant locus, there are only two
different possible alleles, A; and As. The population is assumed to be random mating
with only one mating type, so the population is monoecious (Wakeley, 2009). In a
model with selection, we assume that the allele A, is favored, without loss of general-
ity. The number of individuals having the allele A; is Y and the proportion is z = %7
where N is the population size. The interest lies in the change in the frequency of
the alleles. The number of alleles of type A; at generation ¢ is denoted as Y; and the

relative frequency as x; (0 < xy < 1). The relative frequency of the allele A5 is then

1 — x4 (Charlesworth and Charlesworth, 2010; Ewens, 2000).



2.1.1 Hardy-Weinberg equilibrium

The Hardy-Weinberg equilibrium gives the proportion of the different diploid geno-
types in the population, if the population is random mating. When the relative fre-
quency of allele A; is x; the frequencies of the genotypes are given in Table2.1 (Ewens,
2000). Hardy Weinberg equilibrium is reached in a single generation, when the gen-
erations are non-overlapping. When the generations are overlapping Hardy Weinberg

equilibrium is reached only asymptotically (Charlesworth and Charlesworth, 2010).

genotype AlAl Al A2 A2A2

frequencies  z7  2x(1 — ) (1 —ay)?

Table 2.1: Hardy Weinberg equilibrium

2.1.2 Fitness associated with Genotypes

With each genotype a different fitness score is associated. The fitness of genotype
Ay A; is wyp and of the other genotypes wis and was, respectively. The mean fitness
in the population is w. The relative fitness is calculated as the total fitness divided
by the mean fitness w. The fitness is dependent on the selection parameter s and the
heterozygous dominance h. Common ways to model the fitness parameters are given
in table 2.1.2 (Ewens, 2000). Fitness 4 is an adaptation of fitness I which is used by
Song and Steinriicken (2012) and will be used later.

W= xfwu + 224 (1 — zp)wia + (1 — a:t)ngg

Table 2.2: Fitness parameters
genotype A1A1 A1A2 A2A2

fitness 1 1 1+sh 1+s
fitness 21— s 1 1— 59
fitness 3 1 14+ s 1+ 59
fitness 4 1 14+2sh 1+2s

2.2  Wright-Fisher Model

The change in allele frequency x is modelled in a random mating diploid and fi-
nite population. The genes in generation ¢ + 1 are derived by random sampling
with replacement from generation ¢ (Ewens, 2000). The offspring of generation ¢

replaces all individuals, such that the generations are completely non-overlapping.



This is a Markov process where the number of alleles A; is the Markovian variable
(Y(t) = 2Nx;). The transition probability from generation ¢ with ¢ alleles of type 1

to generation ¢ 4 1 with j alleles of type 1 is p;; as given in equation 2.1 (z; = 5%)

and is binomial. In a haploid population 2N is replaced by N

pi= (2 )ala - a0, (21)

J

The expected value and variance then are E[Y;11] = 2Nz, = Y; and Var[Yi] =
2Nz (1 —x4) = Yi(1—x4) (Ewens, 2000). Assuming that the different genotypes have
different fitness values (w11, wi2 and wyy) the transition probabilities can be written

as
IN\ . .
Pij = ( : ) (L =) (2.2)
where 7; is given as (Ewens, 2000):

wad 4 wigay (1 — xy)

P =

- (2.3)

The change in the allele frequencies from one generation to the next is §z, such that

Zgr1 = ¢ + 0x and can be calculated as follows (Ewens, 2000):

(1l —x
Tip1 — &y = %(wuxt +wia(1 — 2x4) — waa(l — 24)) .

The variance of 6z is then Vj, = m(;]:,z) (Charlesworth and Charlesworth, 2010).

2.3 Moran Model

In contrast to the Wright-Fisher model where the population of one generation com-
pletely replaces the preceding generation, the generations in the Moran model are
overlapping. To model drift, two haploid individuals are chosen at random with re-
placement from the population at each step. The first chosen individual reproduces
and it’s duplicate replaces the second individual (Wakeley, 2009). So every birth
event is coupled with a death event (Baake, 2008).

If the number of alleles of type 1 (A1) in a haploid population is ¢ at time step ¢
(Y; = i), then there are three possible values at time step t + 1: the number of
alleles can stay the same or change by one. This results in a Markov process with
a tridiagonal transition matrix with transition probabilities p;; in the case without

selection or mutation.



z(1—x) ifj=i+lorj=i—1
pij=Sa*+(1—x)? ifj=i (2.4)
0 otherwise

The probability of the number of alleles changing by one is 2z(1 — ), half up and
half down, and the probability of staying at the same value is 2% + (1 — 2)2.

With this knowledge the expectation and the variance of the frequency of allele A; can
be computed. Without selection the mean frequency and the variance are E[Y; 1] =
Y; and Var[Yii1] = 2x4(1 — ).

Selection is modelled with parameter s for example as in Vogl and Clemente (2012),
where selection increases the transition probability p; ;+1 by sx(1—x). The probability

of staying at i is then reduced by the same value.



Chapter 3

Diffusion Approximation of
Probabilistic Models in

Population (Genetics

The diffusion model in population genetics describes the stochastic process of allele
frequency change within one or more populations over time (X;);>¢ (Kimura, 1955).
Starting point is for example the Wright-Fisher model or the Moran model (see Chap-
ter 2). The probability density function ¢(x|p,t) of the allele frequency implied by
the diffusion process is of interest. x is the frequency of allele A; at time ¢. At time
t = 0 the allele frequency is p. This probability density function is found as a solution
to the Kolmogorov forward and backward equation of the diffusion process. The two
equations are presented in Subsection 3.7.

In this chapter the diffusion approximations for the two most used probabilistic models
in population genetics (the Wright-Fisher and the Moran model) are derived and
studied in more detail. The Wright-Fisher and the Moran model share the same
diffusion limit up to a factor 2. To make results comparable in literature often the
factor 2 is included in the selection or time parameters of the Moran Model (Baake,
2008). The theory of diffusion processes is summarized mainly from Karlin and Taylor
(1981).

The population genetic models explained in the preceding chapter are in discrete time,
however exponential waiting times can be added to the Moran model. For further
calculation a continuous time process would be easier. To transform to continuous
time the diffusion theory is used and the resulting model is then called a diffusion
process or diffusion model. To derive the diffusion approximation of the Wright-Fisher

model, the Markov chain describing the model has to be approximated in continuous



time. The properties at the boundaries play an important role and have to be taken
into account.

A diffusion process is a strong Markov process with continuous sample paths. To
show that a standard Markov process is a diffusion it is sufficient to show that the

Dynkin condition is satisfied (Karlin and Taylor, 1981).

3.1 Definition

A diffusion process is a continuous time stochastic process, which possesses the strong
Markov property and for which the sample paths X; are almost everywhere continuous
functions of t (Karlin and Taylor, 1981). The process is regular, which means that
when starting from any point p within the domain of definition of the process, reaching
any other point within has positive probability. X; is the frequency of one allele in
a bi-allelic model at time ¢. The behaviour at the boundaries is dependent on the
mutation rate. In a model without mutation the boundaries are absorbing, with
mutation the boundaries are regular.

A process x is called a stochastic process, if the probability that the change of x
within a time interval (¢,t + dt) is bigger than €, is of order smaller than &t (o(dt)),
with € > 0 (Crow and Kimura, 1970).

P[lXt - Xt+5t| > 6] = 0(6t) (31)

In population genetics the interesting process is the change in relative allele frequen-

cies; therefore the diffusion process used is of course defined on the interval [0, 1].

A standard Markov process satistying the Dynkin condition is a diffusion process. The

Dynkin condition is given in equation 3.2:

1
1&101 EP“XHh —p|>€|Xy=p|=0 Vpe[0,1] and € > 0. (3.2)

The diffusion process can be fully defined by the boundary conditions and the in-
finitesimal parameters: the infinitesimal mean u(x) and the infinitesimal variance
o%(z). In our context, u(z) is the mean change in allele frequencies and o?(z) is the
variance of the change. In the theory of diffusion processes, u(x) is also called the
drift part and o?(z) the diffusion part of the process. Since the term drift may be
misleading in a population genetics context, we will refer to u(z) as the infinitesimal
mean.

If At Xt = Xiq5t — X is the change of the process over the interval [t, ¢+ h], then the

infinitesimal mean and the infinitesimal variance are defined as (Karlin and Taylor,



1981)

.1
(lsltff(l) EE[A&Xt | X¢ = 2] = p(z,t) = p(z) (3.3)
(lsir% 61 E[(AsiX)? | Xy = x] = 0% (x,t) = 0?(z) . (3.4)

We are only considering time homogeneous processes, such that p(x) and o?(x) are
independent of ¢.

Usually the following equation is satisfied for higher moments (r = 3,4, 5, ...) (Karlin
and Taylor, 1981):

}Sﬁ% E“ At Xo|"[ Xy = 2] = 0. (3.5)

In table 3.1 the infinitesimal mean and infinitesimal variance in different population
genetics models are shown. Selection is modelled by the selection coefficient s and
the dominance parameter h. In models without dominance the coefficient h is %
Mutation is assumed to be absent. The scaling with 2N of the infinitesimal parameters
is unfortunately not consistent in literature.

The infinitesimal parameters can be derived from different models (see 2.1.2). From
this the scale and speed function can be calculated (equations 3.9 and 3.11), which

give further information about the behaviour of the process.

Table 3.1: some examples for p(x) and o?(x) in different models

(@) 0*()
only drift 0| 2(l—2)5%
with selection and dominance se(l1—z)(z+h(1—23)) | 2(1-2)5%
with selection and no dominance (h = 3) se(l—a)3 | (1 —2)5%

3.2 Transition Probability

To construct the diffusion process, first the discrete time Markov chain describing the

change in allele frequencies over generations has to be defined.

T;; is the transition probability from state ¢ to state j of the underlying Markov chain.
o(x|p, t) ~ T,S;) is the probability of moving from the starting point p to x within ¢

generations. This probability is defined recursively in equation 3.6.

¢(ilp,t+1) Z¢> ilp,t) (3.6)



The initial distribution at time ¢t = 0 is a function with point mass at x = p. This

can be expressed by the Dirac delta distribution.

1 ifx=p
p(zlp,t=0) =d(z —p) = (3.7)
0 otherwise

Since we are interested in small changes in x during small changes in ¢ the equation

3.6 is rewritten to

1
6o+ 3xlp,t+8) = | oalp.)o(a + ol dt)d (3.8)
0

where ¢ 4 0t is a very small time interval.

3.3 Speed and Scale function

The scale function S(z) of the diffusion process is defined in equation 3.9 and the
speed function m(z) in equation 3.11. For more details on these functions see Ewens
(2000, Section 4.7) and Karlin and Taylor (1981, p. 194-195). In Karlin and Taylor
(1981) the integrals are defined indefinite (starting from —oo) and in Ewens (2000)
the integrals start at some arbitrary value oy # —oco. Which definition of the integral
boundaries is more appropriate, depends on the context.

The speed and scale function will recur in the following sections in the solutions of

different problems.

x B . (2) . xT
S(x) :/ e w0 w2y dy:/ s(y)dy (3.9)
Zo Zo

_rz 2u(y)
fmo o2 W

s(z)=e (3.10)

x _ 2p(2) 1
=2 2 el EO By =~ 11
m(x) /xo o (y) e T P (3.11)

3.3.1 Scale function

The scale function can be used to rescale the process (X;);>0, which is defined on
the interval (I,u), to a process Y; = S(X;) defined on the interval (S(1),S(r)). The
infinitesimal parameters of the new process (Y;);>0 are then given as (Karlin and

Taylor, 1981):

(y) = 50°0)S" () + 1(5)S' () = 0 (312)

and

10



ay(y) = o*(y)S'(y)* . (3.13)

In the case with selection and no mutation the equation can be simplified for special
values of k. For no dominance (h = 1) the scale function becomes Sp=1(z) in 3.14 (c

is some arbitrary constant) (Ewens, 2000).

Sh:%(x) = / edy = é[e” — e’%0] (3.14)

0

3.3.2 Speed function

As the name suggests the speed function can be used to estimate the time spent in
an interval. For a diffusion process in its natural scale the derivative of the speed

function m(z) is

dm(x) 2
= . 3.15
dx o?(x) (3:15)
Larger values of d”;g(cz) point to a longer mean time for leaving an interval (Ewens,

2000). The time, that the process will spend in the interval [z —e, 2 + €] when starting

in x is proportional to the speed function, with € > 0

Emin(Ty—c, Tytc)] x m(x) (3.16)

3.4 Hitting Times

The process (X;);>o reaches a the first time at time T, and T, = min(T,,Tp), is
the time at which either a or b have been reached. The probability that the process
reaches b before a is u, (), when starting in p. (Karlin and Taylor, 1981).

uap(p) = P[Ty < TalXo=p] a<p<bd (3.17)
The mean time to reach either a or b when starting in p is v, 4(p) (Karlin and Taylor,
1981).

Va,b(p) = E[Top|Xo = p] (3.18)

The functions u, ,(p) and v, ,(p) can be found by solving differential equations. The
solutions are explained in the next subsections, which are a summary of the methods

explained in Karlin and Taylor (1981).

11



3.4.1 Probability to reach b before a

The probability of reaching b before a is u,,(p) given in equation 3.17 (Karlin and
Taylor, 1981). The probability of reaching b before a when starting in a is of course
0. Therefore the boundary conditions are: uq(a) =0 and uq4(b) = 1.

The probability u, ;(p) can be expressed conditionally on the value of the process at
time ¢ (X)), where the error term o(t') is of smaller order than ¢’ (Karlin and Taylor,

1981).

Ua,b(p) = Eluas(Xv)|[Xo = p] + o(t') (3.19)

AX is the change in 2 during the time interval [0,t'] (AX = Xy — p). Expanding in

a Taylor series leads to:

1
Ua b (Xer) = tap (p+ AX) = uap(p) + DX, (p) + 5 (AX) ufy(p) + -

Since (X¢)¢>0 is a diffusion process and the change in time ¢’ can be expressed by the
infinitesimal mean and its higher moments are 0 for ¢’ — 0.

E[AX|Xo = p] = u(p)t' +ot') and B[(AX)|X, = p| = o(p)t’ + oft).

Hence expanding in a Taylor series and expressing the change by the infinitesimal

mean and variance leads to the following calculation:

ta,p(p) = Elta,p(Xe)|Xo = pl

= Bluas(p) + DXty (p) + 5 (DXl (p)| Xo = p] + o(t)

= o (p) + Hp) ' (0) + 0% (D) () + 0(t)

1
0 = p(p)t'uy,(p) + 502(p)t’UZ,b(p) +o(t').

For ¢ — 0 we can conclude that u, ;(p) satisfies the differential equation (Karlin and

Taylor, 1981):

1, O%u(z)
o + 50 (x)w a<z<b (3.20)
The solution of this differential equation is explained in Karlin and Taylor (1981, 3.10)
and can be seen in equation 3.21. Note that the result does not depend on the lower

limit of the integration of the scale function S(.) (equation 3.9).

S(x) = S(a)

S6) =5 (3.21)

Ugp(T) =

12



3.4.2 Mean Time to reach a or b

The mean time to reach a or b when starting at some value p with (a < p < b) is
given in equation 3.18 by v, 5(p). The function v, ,(p) is a special case of wg (),

where g(x) = 12 (Karlin and Taylor, 1981).

Tab
Wa,b(p) = E[/O 9(Xy)dr | Xo = p (3.22)

From the fact that the diffusion process (X:);>¢ satisfies the Markov property, it
follows that

1Ty b Ta,p
E[/t g(Xr>dr|X;:z1:E[/o o(X,)dr| Xo = 2] —wan(p)  (3.23)

and, since the sample paths and the function g are continuous, the expected value

can be approximated by (Karlin and Taylor, 1981)

Bl / 9(X,)dr | Xo = pl = g(@)t’ + o(t'). (3.24)

By using the Markov property as above the function w(p) can be expressed as (Karlin

and Taylor, 1981)

wap(p) = E[/O 9(X;)dr | Xo = p] + Elwap(Xv) | Xo = p].. (3.25)

Expanding wq ,(p + AX) in Taylor series leads to:

Elwa,n(Xv) | Xo = p] = wap(p) + p(x)wg (2t + %OQ(P)wg,b(p)t' +o(t')  (3.26)

Plugging this into 3.25 gets:

0= gp)Y + u(p)l () + 50" DIy ()Y + of) (3.27)

when letting ¢ — 0 it can be seen that w, ; satisfies the differential equation 3.28.
dv 1 ,  d*w

—g(z) = u(z)% + 59 (I)ﬁ a<xz<b (3.28)
(

As stated before v(.) is a special case of w(.) where the function g(x) = 1Vx. Therefore
the differential equation satisfied by v, ,(p) is equation 3.29.
dv 1 d*v

—lzp(z)%+502(az)@ a<z<b (3.29)

The solutions to the differential equations are explained in Karlin and Taylor (1981,

3.11 and 3.10) and are

13



b

1%Aw=ﬂwﬂw/kaw—5@wmama@ (3.30)

T

H+u) [(5© - s@im©e@dd @31

S(.) is the scale function (equation 3.9) and m(.) is the speed function (equation 3.11).

3.5 Probability of Absorption

P(X; =0,X = p) is the probability of reaching 0 after ¢ generations, when the start-
ing frequency was p. P(X; = 1|X, = p) is the probability of reaching 1 after ¢ gener-
ations. For these probabilities the following differential equation is satisfied (Karlin

and Taylor, 1981).

0 0 1 02
*P(Xt:0|X0:p):H(P)a*pp(Xt:(),Xo p)+ U( )62

P Xo =
o (Xt =0[Xo =2)

(3.32)
For t — co P(X; = 0|Xo = p) = Py(p) and the equation becomes (Karlin and Taylor,
1981)

0 1 0?

0= u(p )%PO(p)+ ~a*(p )8 5 Po(w) (3.33)
0 . up) OP(p)
PP = 2 a0 5, (334

It is obvious that Py(0) = 1 and FPy(1) = 0 since 0 and 1 are absorbing states, with
£ eo,1].

g —C exp(— aly)

5,0 (@) = Cex( 1/) B (3.35)
f exp( 2]5 ;’ y)d Ydz

flexp 2f£ il )d y)dz

The same calculation can be done for P;(p). So the probability of absorption can be

Polp) = (3.36)

expressed as a function of the scale function S(.) (given in equation 3.9).

_ 5() - S()
_ S(p) - 5(0)
Pi(p) = S = 50) (3.38)

Similarly the probability of hitting b before a can be calculated (0 < a < p < b). T,

is a hitting time of a (so X7, = a).
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P[T, < T,| X, =p] = (() (3.39)

If the scale function S(x) is a linear function, the diffusion is said to be in its natural or
canonical scale. In this case the probability P[T, < Tp|Xo = p| = Zb’:—g is proportional

to the distances (Karlin and Taylor, 1981).

3.6 Boundaries

The functions u,,(z) and vg(2) are used to gain more information about the be-
haviour of the process at the boundary point z. w4 (%) is the probability of reaching
b before a for 0 < ¢ < < b < 1 and vy () is the estimated time to reach either
a or b (see section 3.4 for more information). In our population genetics context the
boundaries are 0 and 1. For further information on these function see Ewens (2000,

Section 4.7) and Karlin and Taylor (1981, p. 192-202).

To learn more about the boundaries let a decrease to 0 and b increase to 1 separately

in those functions.

The probability of reaching b before reaching the boundary 0 can be calculated asymp-
totically by lim,—o uep(x), where 0 < a < < b < 1. Remember that uq(z) =
%. Therefore the boundary is called attracting if lim, o S(x) — S(a) < oo
with 0 < a < x < 1, since this would mean that the boundary will be reached with
positive probability before reaching any other point b (0 < a < x < b < 1) (Karlin

and Taylor, 1981).

The boundary is called attainable when it can be reached in finite time. An at-
tainable boundary is also attracting, but an attracting boundary is not necessarily

attainable (Karlin and Taylor, 1981).

ii—% Vap(x) = E[Typ|Xo = 2], 0<a<z<b<l, bfixed (3.40)
b

= lim 2uas(o) [ (S() = SE©me)s (3.41)

(1 ua()) [ () - S(a)m(©)de) (3.42)

Since 0 is an attracting boundary lim,_,o uep(x) < oo, which leaves the condition
that 2(0) = lima—o [ (S(§) — S(a))m(£)d¢ has to be finite. If and only if £(0) < co
the boundary 0 is attainable (Karlin and Taylor, 1981).
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3.7 Kolmogorov forward and backward equation

The probability density function of the allele frequencies x over time is dependent on
the initial allele frequency p at time ¢ = 0. The allele frequency at time ¢ has the
density ¢(x|p,t). This function can be found as a solution of the Kolmogorov forward
equation of the diffusion process. In physics the Kolmogorov forward equation is more

commonly known as the Fokker-Planck equation. The forward equation is

W) _ 1O ogialp, ) — L(u@)olelp.t),  0<w<l  (3.43)

ot 2022 oz
and the backward equation is
op(z|p,t) 1 5, 92 0
== — — 1 .44
ot 59 (P) o5 (z[p,t) + p(p) apfb(wlp,t), 0<z< (3.44)

(Crow and Kimura, 1970, p. 373). The time parameter is often rescaled to 7 o< Nt.
The solutions of the forward and backward equation are connected to each other,

such that if £, (x) is an eigenfunction of the generator of the backward equation then

E,(z)
o?(z)

is an eigenfunction of the generator of the forward equation. Lp is the backward

generator and the forward generator is Lp.

2
Lrf(w) = 5 oy (02 (@) (@) — 2o (u(x) (@)

£pf(@) = 22(0) g @) + ) 2 £ (2)
B — 97 Ox? ) B
By defining 0?(x) and u(x) as o?(x) = % and p(z) = sx(1 — x) or as any other

possible function in table 3.1 the relationship of the eigenfunctions can be obtained:

f) 1 o2 9
02(“’”)&?027(1,) = 502(95)@ (z) JFM(CU)%JC(C”)
=Lpf(x).

If E,(z) is an eigenfunction of L5 with associated eigenvalues A, then LgE, (x) =

—MEp(z). From the above equation it follows that £p En(@) _ ). fg((j)) and thus

o2(x)
it is shown that 53((:)) is an eigenfunction of Lp with associated eigenvalues A,,.

3.7.1 Derivation of the Kolmogorov forward equation

The probability density of the frequency of A; at time ¢, given that the frequency is p
at time ¢ = 0 is ¢(z|p, t). That the function satisfies the Kolmogorov forward equation
is shown in Crow and Kimura (1970, p. 373-382) and is summarised here. The allele

frequency at time ¢ is in the interval x + %h. After some small time change 0t the
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frequency will change to « + h with probability m(x,t)dt by systematic pressure and
h is a real number greater than 0. v(z,t)dt is the probability that it moves outside
the interval [z + $h] by random fluctuation.

From this the probability that the gene frequency does not leave the interval [z + 3]
can be calculated in equation 3.45. The probability includes the probability of being
in this interval (¢(x,t)h), the probability of moving from an upper or lower frequency
by random fluctuation to [z £ %h] and the probability of moving there by systematic
pressure (m(x,t)ot). The probability of moving away from this interval by random
fluctuation or systematic pressure is subtracted (v(z,t)+ m(z,t)dtd(x,t)h)(Karlin
and Taylor, 1981).

oz, t + ot)h = ¢(x, t)h — v(z,t) + m(x, t)otd(z, t)h
+ %v(m — h,t)otd(x — h,t)h + %v(m + h,t)otd(x + h, t)h
+m(z — by £)5té(x — hyt)h (3.45)

The change in ¢(z, t+40t)h due to random change in ¢ is therefore (Karlin and Taylor,
1981)

%v(:ﬁ — h,t)0td(x — h,t)h + %v(x + h,t)tp(z + h,t)h. (3.46)

So the variance in the change in 2 per 6t due to random change is (Karlin and Taylor,

1981)

o?(z) = V(x,t)ot = hQ%v(z,t)ét + (fh)Q%v(:c,t)(St (3.47)

= h?v(x,t) (3.48)

and the mean change is(Karlin and Taylor, 1981)

w(x) = M(z,t)6t = hm(x,t)ot. (3.49)

Substituting p(z) and o?(z) into equation 3.45 and letting A — 0 and 6t — 0 leads

to the Kolmogorov forward equation (Karlin and Taylor, 1981).

dp(zlp,t) 1 6%

) @Gl 1) — 5 (@)l 1) (3.50)

ox
Plugging the mean and the variance of a process with selection and without mutation
into the forward equation in equation 4.4 leads to equation 3.51 (Karlin and Taylor,

1981; Crow and Kimura, 1970).
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5p 1 82 5
= v s e = 2)} — s {a(l — )9} (351)

In a model without selection and without mutation the forward equation is (Crow
and Kimura, 1970, p.383).

56 1 82

5t = N 5.2 - 2)e) (3.52)

3.7.2 Kolmogorov Backward Equation

For the backward equation the process is considered into the opposite direction. Opin-
ions differ on whether in this setting the starting allele frequency p is a random variable
or not (Crow and Kimura, 1970; Ewens, 2000).

The Kolmogorov backward equation for the process as before is shown in equa-
tion3.53 (Crow and Kimura, 1970, p. 373).

39(p, z; 1 62 0
Ma¢“:2¥@%ﬁ(nﬁﬂ+mmwwnmﬂ (3.53)

The backward equation is harder to interpret but solutions to the backward equa-
tion can be transformed to solutions of the forward equation and vice versa. Song
and Steinriicken (2012) proposed a solution to finding the density ¢(z|p,t) with the

backward equation as the starting point. This solution is summarised in Section 4.2.

3.7.3 Behaviour at the boundaries

The boundaries are z = 0 and z = 1, which act as absorbing barriers (Crow and
Kimura, 1970). Denote f(z,t) = ¢(z|p,t)0z. When substituting dz = 7%, f(z,t)
gives an approximation of the probability that the gene frequency is = at time ¢ (this
approach is presented in Crow and Kimura (1970)).

It is useful to look at P(z,t) = f%(s%(ﬁ(x)qb(ﬂp, t))fé%p(x)qb(ﬂp, t), where f(s%P(x, t)
can be interpreted as the rate of probability mass flow across the point x per genera-
tion.

So in the case of absorbing barriers we have that

df(0,t)

B df(1,t)
i = —P(0,1) — P(1,1). (3.54)

dt

3.8 Spectral Representation

To find a representation of the allele frequency density by solving the Kolmogorov

forward or backward equation the spectral representation is useful. The backward
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generator Lp is self-adjoint and there exist solutions to LpFE(x) = —AE(x), with a
unique sequence of A\, with A, — 0o as n — oo (Song and Steinriicken, 2012). These
eigenvalues —\,, with 0 < n < oo are called the spectrum of Lg (Karlin and Taylor,
1981) and their associated eigenfunctions E,(x) form a basis in L?([0, 1], m(x)) (Song
and Steinriicken, 2012). The speed function and the scale function can give insight
into the characteristics of a diffusion process (see Section 3.3) m(z) = 02(1,)5(1) is the
speed function of the process with s(x) = ~ i S (Karlin and Taylor, 1981).
The Kolmogorov backward equation can be expressed by the backward generator Lp
as

D) _ £ palp. ). (3.55)

Then it is obvious that the function f,(p,t) = e ***E, (p) satisfies the backward
equation. Since Lp is a linear operator, also a linear combination of e *+*E,, (p) is a
solution. The spectral representation of the transition density is thus given by

oo

$(zlp,t) =Y calw)e " En(p); (3.56)
n=0

and the coefficients ¢, (x) are set to satisfy the initial condition. For the initial con-

dition ¢(z|p,0) = é(p — =) the spectral representation is

(z|p, t) Z e Mt W (3.57)

(Song and Steinriicken, 2012; Karlin and Taylor, 1981).
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Chapter 4

Calculation of the probability
density function of allele

frequencies

In this chapter different solutions to the Kolmogorov forward and backward equation
are presented. The theory of models in population genetics is given in Chapter 2 and
the derivation and theory of diffusion processes can be found in Chapter 3. The first
solution for the allele frequency density presented is the solution found by Kimura
(1955) in form of a spectral representation using the Gegenbauer polynomials. A
second solution by Song and Steinriicken (2012) is presented and in the last section of
this chapter a third solution is proposed. The latter solution is based on transforming
the Kolmogorov forward equation into the differential equation solved by the angular

oblate spheroidal wave functions. For all three solutions, computation is discussed.
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Table 4.1: Notation Kimura

selection s

time t

infinitesimal variance o%(z) = ;L (1 — )
infinitesimal mean w(x) = sx(l —x)

4.1 Solution by Kimura

Kimura (1955) proposed a solution to the Kolmogorov forward equation of the dif-
fusion process in order to find a representation of the transition density of the allele
frequencies. The solution is also presented in Kimura (1964) and Crow and Kimura
(1970); the main steps are summarized here. Notation differs among literature. For

this section the notation given in table 4.1 is used.

4.1.1 Only Drift

First we consider the case without selection and without mutation; i.e. the model

where the only force is drift. In this model the infinitesimal mean is pu(z) = 0 and

z(l—x)

sn—2, where o%(x) is the binomial variance

the infinitesimal variance is o?(z) =

corresponding to 2N alleles (Kimura, 1964).
The Kolmogorov forward equation is then given as

Op(x|p,t) _ 1 0

IR - 2 (a1 t 41

with p corresponding to the starting frequency (¢(x | p,0) = é(x — p)), i.e., the initial
condition.

Kimura (1964) assumes that the solution is of the form ¢ = T'X where T is a function

depending only on t and X is a function depending only on z. Inserting this into the

Kolmogorov forward equation leads to the equation

1o 1 &
T ot 4NX 0x2
Since the left side depends on ¢ only and the right side depends on x only, both sides

(z(1—2)X) .

have to be equal to a constant (—\) and the equation can be separated into two

ordinary differential equations (Kimura, 1964). The first differential equation is

dT
= =_\T
dt ’

from which it follows that T o< e~**. The second equation is

X dX
z(1 f:r)W +2(1 72x)% —(2-4NN)X =0,
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which is the hypergeometric equation (Abramowitz, 1972, 15.5.1)

z(1—2)X"+[y—(a+ B+ 1z]X —afX =0

with o =

3EVIFI6NA Vl;rlﬁN)‘ and f = 3=V1FI6NA Vlg'mm. It is necessary to find a solution that

is finite at the end points = 0 and z = 1 (Kimura, 1964). Therefore the possible

values for \ are A\; = i(ﬂvl) and then X; « F(241,1—14,2,2). Thus X; can be written
in terms of the Gegenbauer polynomials as
i(i+1)

17
X; =25 F(i+2,1—z’,2,Tz):C}5(z), r=1-12.

The solution can then be expressed as a linear combination of all possible values for

A and X;:

(lp. ) Zw” Jem (4:2)

The coefficients ¢; are found such that the initial condition is satisfied (¢(x|p,t) =

d(x — p)). The coefficients then are

214+1
c; =4p(1 — Cl5(1 -2
( p)z(Z Y (1-2p)
and the full solution is
(@lp, 1) § :4p - 2” L o5 Zop) i1 —2w)e R (43)
b + ) 1

(Kimura, 1964).

4.1.2 With Selection

In a bi-allelic model with selection the infinitesimal mean is p(z) = sz(1 — ) and the

z(l—x)

55—+ Then the Kolmogorov forward equation is

variance is 02(x) =

PP T) T (a1~ 2)(alp 1) — s (a1l = )oalp, 1) (44)

The solution of the allele frequency density is assumed to be of the form
¢ o 2W (x)e M| (4.5)
where W (z) is a function of z only and v = Ns (Kimura, 1955).
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o¢ _

at — _)\62sz6—>¢
0
8—? = 2% M (W + W)

%{x(l —2)p} = 2" M((1 = 22)W 4 2y2(1 — )W + 2(1 — z)W)
%{x(l —2)p} = AT MW (4y2x(1 — ) — 24 4y — 8yz) + W (4yx(1 — z) + 2(1 — 2x))

+W"z(1 —2))

Insertion of these results into the forward equation (4.4) leads to

0=[-4v*x(1 —2) =24+ 4ANIW +2(1 — 22)W' +2(1 —2)W". (4.6)

1—z
2

Substituting x = in the above equation results in equation 4.7. From 0 < z < 1

it follows that —1 < z < 1, such that

(1= 22)W" —4zW' + (ANX =2 — ) + 22 )W = 0. (4.7)

Solutions to equations of this type have been studied by J. A. Stratton (1954) with the
parameters a = 1 and b = 4NA\—2—~2. For the case where v = 0 the equation reduces
to the differential equation known for the Gegenbauer polynomials. For equations such

as equation 4.7 with 42 > 0, J. A. Stratton (1954) proposes a solution of the form

/
Wi(z) = Z FCri(2), (4.8)
n=0,1
wherei = 0,1,2,... and f! are constants. Z; is a primed sum, which means that the

summation is over even/odd values of n if k is even/odd (Crow and Kimura, 1970).
The solution is obtained by expanding into a power series around the selection coeffi-
cient 7. For higher values of -, results are not very accurate (Song and Steinriicken,
2012).

The solution of the forward equation with selection is ¢(z[p, t) = Y52 cie ™ MIF2eW;(2)
(Crow and Kimura, 1970). This solution is in the spectral representation, where \; are
eigenvalues and W;(z) are the corresponding eigenfunctions. The coefficients ¢; are
calculated such that the initial condition (¢(x|p,0) = §(z — p)) is satisfied (Kimura,

1964). The orthogonality relation of the eigenfunctions is

1 ) s d i QM
/_1(1 — 2 )Wi(2)Wj(z)dz = b n:o,1( n) n!(2n+3)

Then the coefficients are
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(1 —r2)e A=W (r)
n+1)(n+2 i )
Yo s 2 (fL)?

where r = 1 — 2p (Crow and Kimura, 1970). The primed summation is defined as

C; =

(4.9)

above. The values for the coefficients f! and the eigenvalues \; can be found in
J. A. Stratton (1954).

Since the work of Kimura (1955) and J. A. Stratton (1954) many developments have
been made in the field of spheroidal wave functions. Meixner and Schéfke (1954)
and Flammer (1957) were most influential and used a different notation. There the
definition of spheroidal wave functions is based on a linear combination of Legendre

polynomials and not Gegenbauer polynomials.
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4.2 Solution by Song and Steinriicken (2012)

Unlike Kimura’s approach, the solution of Song and Steinriicken (2012) is not based
on perturbation around the selection coefficient. Therefore the method is applicable
also in cases with strong selection. Song and Steinriicken (2012) first refer to the

Wright-Fisher model with the dominance parameter h = % and later also to versions

with a different dominance parameter h # % In this chapter only the case with

dominance parameter h = % is considered.

Table 4.2: Notation Yun Song

selection S

scaled selection ¥ =2Ns
time t

time in generations T =2Nt

infinitesimal variance o2(p) = p(1 — p)

4.2.1 Methods

The backward generator Lp of a one-dimensional diffusion process on [0, 1] is:

1

Lot () = 50°0) g5 1 0) + 1) 5 1) (4.10)

where f is a twice continuously differentiable bounded function over [0, 1] (Song and
Steinriicken, 2012). Using the backward generator Lz on the allele frequency density
function ¢(x | p, ) leads to the Kolmogorov backward equation. With time rescaled
to 7 = 2Nt the infinitesimal variance is 0%(p) = p(1 — p) and the mean is p(p) =
2yp(1 — p)[p + h(1 — 2p)]. In the case with no dominance, i.e. h = %, this reduces
to u(p) = vp(1 — p). Ewens (2000) uses the same notation as Song and Steinriicken
(2012). This definition is also equivalent to the definition used by Crow and Kimura
(1970) only with the different scaled time parameter 7 = 2N¢, as is shown by the

following calculation.

w _ ﬁp(l —p)aa;qb(x 1p,t) + sp(1 —p)a%dw |p,t)
2N% = %p(l - p)aa;ﬂﬁ(x |p.t) +2Nsp(1 — P)gp¢($ [p?)
b= 2Nt
W _ %p(l p)§;¢(x |p,7) + 2Nsp(1 — p)a%cb(x |p,7)

The generator of the backward equation is self-adjoint with respect to the speed

function
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mp) = 5———— 4.11
)= S -
with the scale function S(p)
_[r 24,
S(p) = e o 2% (4.12)

Self adjointness means that (Lf, g)m = (f, Lg)m for f,g € L*([0,1], p), where
L?([0,1], p) is the space of real-valued functions on [0, 1] (Song and Steinriicken, 2012).
X, is a stochastic process on [0, 1] with the density function ¢(z |p, 7). Where 7 > 0
is the continuous time variable, p the starting allele frequency at time 7 = 0 and =
the allele frequency at time 7 and the random variable of the process.

The Kolmogorov backward equation, which is generated by Lp, is satisfied by the
density function ¢(z |p, 7).

The spectral representation of ¢(x | p, 7) is a linear combination of the eigenfunctions
and eigenvectors of Lp. Assume B, (p) is an eigenfunction of Lp and —\,, the ac-
cording eigenvalue, then the function e=*»7 B,,(p) satisfies the Kolmogorov backward
equation generated by Lp. Since Lp is a linear operator, also a linear combination
of e=*"7 B, (p) is a solution. The coefficients for the linear combination ¢, (x) in the
spectral representation in equation 4.13 are chosen such that the initial condition is

satisfied (¢(x|p,0) = d(x — p)).

¢(x|p,m) =Y calz)e " Bu(p) (4.13)
n=0

Since A, — oo as n — 00, it is enough to sum until some reasonable high n, this is
discussed in chapter 5 in more detail. The initial condition states that x = p at time
t = 0, which means that ¢(0,p,z) = é(x — p). The coefficients satisfying this starting

condition are:
_ m(z)By ()
) = Tg B

To find the solution to the eigenvalue function, orthogonal polynomials are used. For

(4.14)

this purpose Song and Steinriicken (2012) define modified Gegenbauer polynomials,
which are denoted by G,,(z) and are defined over 0 < = < 1. The classical Gegenbauer

polynomials C%(z) are defined over —1 < z < 1.
Gn(z) = —2(1 — )P (22 — 1) = —z(1 — )R (). (4.15)

Here P,(La’b)(x) are the classical Jacobi polynomials and R%a’b)(m) are modified Jacobi
polynomials (Song and Steinriicken, 2012). In Abramowitz (1972, 22.5.20) a rela-
tionship between the Jacobi polynomials and the Gegenbauer polynomials (C%(z)) is

given. For o = 1.5 the equation becomes

2
P (z) = mcrlf(m) (4.16)

26



and the relationship between the modified and classical Gegenbauer polynomials can

easily be obtained (see equation 4.17).

(@) = —2(1 — x)nj_

20;-5(295 —1). (4.17)

From the differential equation satisfied by the Gegenbauer polynomials a differen-
tial equation satisfied by the modified Gegenbauer polynomials can be obtained (see

equation 4.18).
d*Gp ()
dx?

z(1—x) +(n+2)(n+1)G,(z) =0. (4.18)

4.2.2 Diffusions with Genic Selection and No Mutation

Only the solution in the case without mutation, with selection, but without dominance
is studied in more detail here. Without dominance h = % and without selection the
backward equation has the generator L£3. The modified Gegenbauer polynomials

G, (p) are eigenfunctions of this generator

9*f(p)
op?
and they satisfy the differential equation in equation 4.18. Using the backward gen-

Lof(p) = %p(l - p) (4.19)

erator on G, (p) leads to the following equation

1 0? 1
LoGn(p) = 5p(1 =P) 5 5 Gn(p) = =5 (n+2)(n+ 1)Gn(p). (4.20)
and the corresponding eigenvalues are A, = 1(n +2)(n + 1).
With genic selection (y = 2Ns) the backward generator with o2(p) = p(1 — p) and
pp) = (1 =p) is Lp.

Lpfp) = %p(l —p)aa;f(p) +7p(1 —p)a%f(p% (4.21)

Substituting the infinitesimal mean and variance into the equations for the scale

function S(p) and the speed function m(p) leads to
e27p

“pl-p)

This leads to a solution for the eigenfunctions and associated eigenvalues of the dif-

m(p) (4.22)

fusion part of the backward generator L£y. As shown before the backward generator
Lp is self-adjoint with respect to m(.). The eigenfunctions of Lp are B, (p) and the

associated eigenvalues are \,. They satisfy the following equations:
LBBn(p) = =M Bn(p) (4.23)

and

/0 By (p) B (p)m(p)dp o< 6, - (4.24)
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Song and Steinriicken (2012) next consider the functions H, (p), which are orthogonal

with respect to the same weight function m(.):
Hy(p) = e 7"Gn(p) - (4.25)

H, (p) are not eigenfunctions of Lp, but B, (p) can be expressed as a linear combina-

tion of Hy(p):
p) = Z un,mHm(p) . (426)
m=0

The backward generator used on H,(p) leads to the equation:

LoHa(p) =~ PPGalp) + 57°p(1 ~ P)Gap)] (a.27)
and
LpBn(p) = i Un,m £ Hp (p) (4.28)
=- Z Unme” P [An + 27 *p(1 = p)|Gn(p) (4.29)
- Z_Oun,mw - %fpa - PIGu (). (4.30)

The eigenfunctions By, (p) are also called the oblate spheroidal wave functions, in the
case of selection and no recurrent mutation.
Because the B, (p) are eigenfunctions of L5 and A, are the associated eigenvalues,

we have:

Z U [An + %7217(1 —p)|Gn(p) =\ Z Un,mGm (p) . (4.31)
m=0

m=0

Then it can be shown that

1 _
3721 = P)Gm(p) = aly P Gna(p) + 4l G (p) + P G2 () (4.32)
with
a2 = 721 m(m + 1) where m > 2 (4.33)
m 8(2m+1)(2m +3) -
1 (m+1)(m+2)
(0) — ~2 4.34
“m =Y L em+1)(2m+5) (4.34)
1 (m+ 1)(m +4)
(+2) — _ 22 4.35
Gm 7 82m +3)(2m + 5) (4:35)
(4.36)
and
Akln g + aé:ré)umHz + a](été)un,k72 = At . (4.37)
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Algorithm

Song and Steinriicken (2012) propose an algorithm for the calculation of the eigen-

values and eigenfunction of L. First the equation 4.37 can be rewritten in matrix

form:
Ao + a)) 0 al™? 0 0 - Un o Un 0
0 A+ al” 0 al? 0 s Un1 Un.1
a(()+2) 0 Ao + aéo) 0 ag—z) e Un,2 Un,2
0 a§+2) 0 A3 + ago) 0 ‘e Up,3 =4 Up,3
0 0 a(2+2) 0 Aq + aio) 0o - Un,4 Unp 4
(4.38)
such that:
Mu, = Ayuy, . (4.39)

Let M!P] be the upper left part of the matrix M with D rows and D columns. Song
and Steinriicken (2012) show empirically that the eigenvalues and eigenfunctions of
M!P! converge quickly. The equation M [D]ULLD] = ALD] ung] can be separated into two
systems, one only consisting of the odd rows and columns and one system containing
only the even rows and columns. This follows directly from the structure of the matrix
M.

The form of the matrix above corresponds to the primed sums in the solution by Crow

and Kimura (1970) and J. A. Stratton (1954).
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4.3 New Solution Method with Spheroidal Wave

Functions

In this section a solution to the Kolmogorov forward equation is presented using the
spheroidal wave functions. This is achieved by transforming the Kolmogorov forward

equation into a Sturm-Liouville form.

Table 4.3: Notation
selection s

scaled selection vy = Ns
time t

time 7 =4Nt

The Kolmogorov forward equation is

WD _ D a1~ )otalp D) — s a1~ 2)o(alp, ). (440

With rescaling of time to 7 such that 7 = 4Nt the rescaled equation in equation 4.41

is obtained.

op(zlp,7) &2

17 _ 0 w1~ 2)olalp. ) ~ 41 (1~ )(alp 7)) . (441)

For this purpose we used 7 = 4Nt and not 2Nt like Song and Steinriicken (2012) did,
also the scaled selection v differs by a factor of two. The density is assumed to be

of the form ¢(z|p, ) o< e?’®v(x)e~*". Inserting this into the scaled forward equation

(4.41) leads to:

d*v(x) dv(z) 9
z(1— x)W +2(1 - 2z) e (2+47°z(1 —2) — ) v(z) = 0. (4.42)
By substituting z = 152 we obtain:
d?>v(152) dv(15%)) 1-2z
_ L2 2 ) _ 2 o201 2 _
(1-2%) E dr— =+ (A=2—=7%(1—27)) o( 5 )=0.  (4.43)

This equation can be transformed to a Sturm-Liouville form. This can be achieved

by setting g(z)(1 — 22)~2 = v(

1—2
2

) and substituting this in equation 4.43 leads to

the following calculation;
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d?(1-2%)"g(z) (1 —2*)"%g(z)

0=(1-2% 72 —4z 7
(A2 -72(1 - 2) (1- )7 g(2)
0= (- T 5D, (14— )0
- 4zdili(zz) —422(1=2*)"1g(2) + (A =2 =7*(1 = 27)) g(2)
0= d% <(1z2)dil(;)) + ()\72(122) - 1_1z2> 9(2). (4.44)

4.3.1 In the Model with Selection

With selection, i.e. 42 > 0, the differential equation 4.43 is in a form that can
be transformed to the differential equation solved by angular oblate speroidal wave
functions (Abramowitz, 1972, 21.6.4). Note that the index m of the spheroidal wave

equations can be omitted since m = 1 always.

i _ 52 i S 2.2 1

)Sn(c,z) =0 (4.45)

L7 is the generator of the differential equation in equation 4.44 and Lg the generator
of the differential equation solved by the angular oblate spheroidal wave functions
in equation 4.45. The eigenfunctions of Lg are the angular oblate spheroidal wave

functions S, (z) with the associated eigenvalues \:.

cat@) =5 (0-HTD) 4 (cra2 - L) 0 )
csto) =g (-T2 )+ (22 - Zg)r0.

The eigenvalues and eigenvectors for £z and Lg then are

L3Sy = A5 S,
(4.48)
LzS, = (/\5 + ’72)511-
From this, it follows that the eigenfunctions are identical and the eigenvalues differ
by 2. The solution can therefore be expressed in the spectral respresentation by the
eigenfunctions S, (z) and the associated eigenvalues \,, = A5 + ~2.
The angular oblate Spheroidal wave functions are normalised by the Meixner-Schéfke

scheme as (Abramowitz, 1972; Meixner and Schéfke, 1954)

[ [8ale, )%z = %:11) (4.49)
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Now only the transformation from g(z) to ¢(x|p,t) is needed. This is obtained by using

the relations ¢(z) = €>7g(2)(1 — 22)~7e ", x = 152 and g(2)(1 — 2%)"2 = v(15%)

Balp,7) o g(2)5 (a1 — ) Eeme N, (4.50)

Then the solution to the allele frequency density is

Nl

Bl 1) = 3 51— 20)S,(1 — 20) (a1 — )"
n=0

2n + 1

2y ,—AnT
2n(n+1)

e (4.51)

4.3.2 Model without Selection

When there is no selection v2 = 0 and equation (4.44) reduces to the differential

equation solved by the Legendre polynomials.

0= dilz ((1 - ZQ)d‘ZZ(ZZ)> + <z<z +1)— 1’1”‘;) 9(2). (4.52)

The Legendre polynomials are orthogonal polynomials that satisfy f_ll P, (2)%dz =

2
2n+1-

The transformation from g(z) back to ¢(z|p,t) has to be taken into account as

before

1 _1
¢(alp, 7) o< g(2) 5 (2(1 — 2))"Ze AT, (4.53)
and the solution can be written as

o(z|p,T) = Z 21;‘_ 1Pi<1 —2p)P;(1 — Qx)M e DT (4.54)
i=0

4.4 Calculation

The spheroidal wave functions defined by Meixner and Schéifke (1954) and Flammer
(1957) and their eigenvalues are implemented in many software packages, e.g. in
Mathematica (Weisstein, 2013c) and in the Mathematica package spheroidal by Fal-
loon (2003) and are thus easily available. In the appendix the functions implemented
in Mathematica are used for simulation. The oblate spheroidal wave functions are
implemented in Mathematica as the function SpheroidalPS with parameter —i~y, with
i = y/—1. Calculation of the functions and their eigenvalues is still an issue (see Kirby
(2006)), although the difficulties arise mainly in the calculation of radial functions and
for high values of . Here only angular functions are used, but for higher values of

~ difficulties may still arise. Eigenvalues can be calculated to high precision using a
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series expansion around 7y = 0; the formulas derived in this way are very accurate
for small values of 7; better than parts per million (Sullivan and Thompson, 1999).
The eigenvalues can be calculated exactly by using a continued fraction, which is

computationally expensive (Sullivan and Thompson, 1999).
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Chapter 5

Applications

In this chapter the solution of Kimura (1955) is compared to the solution in section
4.3 using graphs. The time parameter is always scaled to 7 = 4Nt in all results in
this chapter. The analysis is made using the software Wolfram Mathematica 9. The

code used for creating the figures is presented in Appendix B.

5.1 Allele Frequency Density without Selection

5.1.1 Gegenbauer Polynomials

The solution of the allele frequency density is an infinite sum. Truncating the sum
causes the density to be very inaccurate close to 7 = 0. For 7 > 0, the coefficient
e~ "+ 17 gets very small very fast, so for the computation of the function a minimum
value for e (+17 ig get, such that the computation stops as soon as this value is
exceeded. Therefore the polynomials of a higher degree are only used for very small
values of 7. In figure 5.1 the number of polynomials is shown for different minimum
values for d = e~ *(+1)7,

The Gegenbauer Polynomials for some different values of n can be seen in figures 5.2
and 5.3.

The Gegenbauer polynomials are multiplied by the term C!-5(1—2p), which is constant
since p is the starting allele frequency. In figure 5.4 it can be seen that the sign of
this term changes depending on n. The value also increases, but this does not have
too much influence since e~ (“+1)/2 decreases much faster.

The resulting allele frequency density without selection by Kimura (1955) is shown in
figure 5.5. Since there is no mutation the boundaries 0 and 1 are absorbing. The area
under the allele frequency density curve in the interval |0, 1] can be interpreted as the

probability of both alleles being present in the population at time ¢. The probability
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Figure 5.1: This graph shows the number of summands needed to achieve a given
accuracy. As measure for accuracy the expression e™*»7 is used. As soon as e~*»7
is smaller than some value (i.e. 0.01, 0.001 and 0.0001) the sum is truncated. For
example when 7 = 0.05 summation until n = 10 is needed to achieve that e =005 <
0.01, n = 12 for e=*9% < 0.001 and n = 14 for e~ *%9 < 0.0001. At 7 = 0.001
the difference is much bigger; n = 68 is needed for e~*0-901 <« 0.01, n = 83 for

e~ 0001 < 0,001 and n = 96 for e~ 0001 < 0.0001.

mass at the boundaries is increasing by —% fol o(x|p, t)dx.

In Kimura (1955) it is shown that the increase in the probability mass absorbed at

the boundaries is proportional to the amount present there:

a ! _ o(1p,t) + ¢(0[p, ?)
- % 0 ¢($|p7t)d$ - AN :

(5.1)

The coefficients in the solution are chosen such that there is at time 0 a point mass
at p. To reach this point mass exactly it would be necessary to sum up all values of
the infinite sum. Here only the first linear combinations of Gegenbauer polynomials
are used until e *(*+D7 is smaller then 0.0001 . Figure 5.6 is calculated using the
Mathematica function Integrate on the allele frequency density. Since at time 0 a

point mass is approximated the result of the integration is far from 1.

The change over time in this area under the curve is shown in figure 5.6 and the
differences are shown in figure 5.7. As calculated by Kimura it can be seen, that the

area is decaying faster with time.
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Figure 5.2: Gegenbauer Polynomials C}-5(1 — 2z) for different values of n

5.1.2 Legendre Polynomials

In the solution in section 4.3, the allele frequency density is expressed by the Legendre
polynomials. The resulting allele frequency density can be seen in figure 5.8. The
Legendre Polynomials P, (1 —2x) are shown in figures 5.9 and 5.10 for different values
of n. For choosing when to truncate the infinite sum, the same strategy as with the

Gegenbauer Polynomials is used.

5.2 Allele Frequency Density with Selection

The density of allele frequencies in the model with selection is expressed as a lin-
ear combination of spheroidal wave functions. In Mathematica the angular oblate
spheroidal wave functions are implemented in SpheroidalPS and Spheroidal@S with
the parameter —iy (i = v/—1). The spheroidal wave functions in SpheroidalPS are
linear combinations of the Legendre polynomials of the first kind; in Spheroidal@QS
the Legendre polynomials of the second kind are used (Weisstein, 2013c). Since the
Legendre polynomials of the second kind are singular at the boundaries —1 and 1, the
spheroidal wave functions of the first kind are needed. The spheroidal wave functions
can be seen in figures 5.11 and 5.12 for different values of n.

The allele frequency density for a selection coefficient v = 0.1 can be see in figure
5.13. The density when the selection coefficient is stronger with v = 3 is shown in

figure 5.14 and for weak selection v = 1 in figure 5.15.
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c,P(1-2x)

Figure 5.3: Gegenbauer Polynomials C}-5(1 — 2z) for different values of n

C l.j(l_zp)
"10p

\/\ﬂ .O /\ O g,
T

L

Figure 5.4: Gegenbauer Polynomials C}®(1 — 2p) with p = 0.4 with n on the x-axis.
The characteristic jumping of the function from positive to negative values can be

observed.
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llle frenuency

Figure 5.5: Visualisation of the allele frequency density solution by Kimura in three
dimensions; the time 7, the density and the allele frequency x. The starting allele
frequency at time 7 = 0 is p = 0.4. Where 7 = 0 a delta distribution at 0.4 is
approximated and decays quickly with time. This is the density without selection

v =0.

0.250F « « - - e oo oL i

0.245¢

Figure 5.6: The allele frequency density decays quickly with time, as it can be seen in
figure 5.5. The area under the curve at each time can be interpreted as the probability

of the two alleles existing at the same time. The integral is shown in this figure.
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0.0002-

Figure 5.7: The area under the allele frequency density function at each time can
be interpreted as the probability of the two alleles existing at the same time. The
integral is shown in figure 5.6. In this figure the change in the area is shown. As

already shown by Kimura (1955) the loss of probability mass increases with time.

awvay

Figure 5.8: The allele frequency density by the solution in section 4.3 using the

Legendre polynomials, without selection (y = 0).
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P,(1-2x)

— n=0
— n=1

— n=2

Figure 5.9: Legendre Polynomials P, (1 — 2x) for different values of n

P,(1-2x)

Figure 5.10: Legendre Polynomials P, (1 — 2x) for different values of n
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Figure 5.11: angular oblate spheroidal wave functions with different values of n
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Figure 5.12: angular oblate spheroidal wave functions with different values of n
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density

0.5 7=0.02
7=0.04
0.4}
7=0.06
03l 7=0.08
7=0.1
0.2}
0.1}
0.2 0.4 0.6 0.8 1.0

Figure 5.13: Allele frequency density with selection coefficient v = 0.1 at different

time points 7.

density

Figure 5.14: Allele frequency density with selection coefficient v = 3 at different time

points 7.
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7=0.02
1.0

7=0.04
0.8 7=0.06
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0.4
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0.2 0.4 0.6 0.8 1.0

Figure 5.15: Allele frequency density with selection coefficient v = 1 at different time

points 7.
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Chapter 6

Summary and Discussion

In this thesis the methods of Kimura (1955), Song and Steinriicken (2012) and a fur-
ther approach for obtaining the allele frequency density are presented. Kimura (1955)
was the first to present a solution to this problem. His solution in the case with selec-
tion is based on the oblate spheroidal wave functions defined by J. A. Stratton (1941)
and J. A. Stratton (1954). The eigenvalues and eigenfunctions are found by Kimura
(1955) by expanding into a Taylor series around the selection coefficient . Hence, the
solution by Kimura is inaccurate for high values of v (Song and Steinriicken, 2012).
The solution by Song and Steinriicken (2012) also uses the definition for spheroidal
wave functions by J. A. Stratton (1954), but the eigenvalues are found by solving
a finite dimensional matrix problem. The computational possibilities have of course
increased significantly since Kimura (1955) and so Song and Steinriicken (2012) were
able to present an algorithm for the eigenvalue problem, implemented in the pro-
gramming language C. At the time as J. A. Stratton (1954) published updated tables
for the spheroidal wave functions, the spheroidal wave functions got more attention,
because of their applications in physics and quantum mechanics. As a result there
are many different notations for spheroidal wave functions. In Abramowitz (1972)
an overview of different notations is given. The notations by Meixner and Schéfke
(1954) and Flammer (1957) are most common by now. The spheroidal wave functions
defined by Meixner and Schifke (1954) and Flammer (1957) and their eigenvalues are
implemented in many software packages (e.g. in Mathematica (Weisstein, 2013c) and
in the Mathematica package spheroidal by Falloon (2003)) and are used in the chap-
ter on applications. The spheroidal wave functions used by Kimura (1955), Song and
Steinriicken (2012) and J. A. Stratton (1954) are given as a linear combination of
Gegenbauer polynomials, but the oblate angular spheroidal wave functions are more
commonly expressed as linear combinations of Legendre Polynomials.

In section 4.3 it is shown that the foward equation can be transformed such that the
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spheroidal wave functions defined by Meixner and Schéfke (1954) and Flammer (1957)
can be used. Since those functions are implemented in many software packages, these

methods are now easily available to population geneticists.
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Appendix A

Mathematical Background

An overview and short summary of the needed mathematical background for this

thesis is given here.

A.1 Markov Process

A markov process is a stochastic process that satisfies the markov property. The
markov property states, that the future path is only dependend on the current state
of the process and not on the preceding path. In other words, the markov process is
memory-less (Norris, 1997). (Q, F, P) is the probability space with filtration (F3,t >

0). Then the Markov property can be formulated as

P(X, € A|F,) = P(X, € A|X,) (A1)

with s < ¢ and A a subset of the measurable space of (X;);>o (Norris, 1997). The
strong markov property states that the process (X;)s>- is independent of F, and that
(X4t — X7)e>0 is equal in distribution to (X;)¢>o.

A standard Markov process is a strong Markov process with the following proper-

ties (Norris, 1997):
e (X,) is right continuous
limy s Xy = X, Vs >0
e the left limits of (X;) exist
limyys X exist Vs> 0
e (X;) is quasi-left continuous

limy, 00 X1, = X1 for Ty <Tp <---<T <00
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T,, are Markov times (Norris, 1997).

A.2 Orthogonal Polynomials

A system of polynomials F,, () is called orthogonal on the interval a < 0 < b if

b
< Fo, Fy >p= / w(x)Fp(z)Fp(x)de =0n # m;n,m=0,1,2,...

a

w(z) is the weight function and n is the degree of the polynomial (Abramowitz, 1972).

Fo(z) = kpa™ + K a4 -

F,, is orthogonal with respect to w(.).

A.2.1 Differential Equations

Orthogonal polynomials satisfy differential equations of the form:
g2(2)F! + g1(z)Flan,F, =0

with go(z) and g;(x) independent of n and a,, is a constant depending only on n.

A.2.2 Recurrence relation

The polynomials satisfy a recurrence relation of the form:

Fn—i—l = (an + xbn)Fn - ann—l

_ knga _ kg K, _ kngikn_1hn
where b,, = T an = l)n(—k"Jrl — k—”) and ¢, = e

For more details on orthogonal polynomials see Abramowitz (1972).

A.2.3 Gegenbauer Polynomials

The Gegenbauer polynomials C'& are also called ultraspherical polynomials. They
are orthogonal polynomials defined with z in the interval [—1, 1] and with the weight
function w(z) = (1 — 22)*~2 (Abramowitz, 1972, p.774). Some special values of the
Gegenbauer polynomials are (Abramowitz, 1972):

oa(1) = (mzal)aﬂ
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w2 729 (n4-2a)
12 Tnt2a)
h, = nl(n+a)[l'(a)]? (A2)

Z—Z a=20
The general form of the Gegenbauer Polynomials is given in equation A.3. Where

F(a,b,c;x) is the hypergeometric function, often referred to as o F(a,b, c;x) given in

equation A.4. (a), is the Pochhammer function, which is defined as (a),, = F(I?(J;)” ) =
ala+1)(a+2)...(a+n—1) with (—a), = (=1)"(a),.
Co(z) = (2a)nF(—n 2a+n a—i—l'l_iz) (A.3)
n - TL' ) ’ 2a 2 .
- (@i i1
F(a,b,c;z) = — A4
(a? 7C7 x) ];) (C)k T k! ( )

The differential equation solved by the Gegenbauer Polynomials is (Abramowitz,

1972):

d*C2(z)

dz?

(1—2%) —(2a+ 1)z

ngZ(z) Y+ 2%a)C%(z) =0 (A.5)

For the calculation of the derivatives, the differential relation in equation A.6 can be

used (Abramowitz, 1972, p.783).

(1= 2%) L C3(@) = —naCg (@) + (n+ 20— )O3 (2) (A.6)

The recurrence relation of the Gegenbauer Polynomials is (Abramowitz, 1972, p.782):

(n+ 108, = 2(n + )20 (=) — (n+ 20— )05, (2) (A7)

Different Definitions of the Gegenbauer Polynomials

In the literature, the Gegenbauer polynomials are defined in different ways and mod-
ified versions are introduced. The different definitions are in fact only special cases of
the general Gegenbauer Polynomials defined in Abramowitz (1972). The important

difference is that the modified polyonmials are rescaled to [0, 1].

A.2.4 Legendre Polynomial

P, (x) is the Legendre or spherical polynomial defined for —1 < z < 1 as

Po(z) = <

in terms of the hypergeometric function F'(., .;.,.) (Abramowitz, 1972, 22.5.49). P, (z)

2n\, z—-1,, L l-=x
) 1L ) (A8)

is the solution to the differential equation
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d*P, () dP,(z)
1 —2? —2
(1=2%) dx? i
For the Gegenbauer polynomials and the Legendre polynomials the following relation

holds

+n(n+1)P,(z). (A.9)

P, (z) = CY/2(x) (A.10)

n

(Abramowitz, 1972, 22.5.36).

A.3 Legendre Functions

The Legendre functions satisfy the differential equation in equation A.11 (Abramowitz,
1972, 8.1.1).
d?w dw w2
2
(1-=z )dZ2 —QzE—&—[v(v—Fl)— e
The variable v is the degree and p is the order of the Legendre function.The Legendre

Jw=0 (A.11)

functions can be expressed in terms of the hypergeometric function (Abramowitz,

1972, 8.1.2).

N

1 z+1]2" 1—=2
Pt == |— F(— 11— py—), |1 — 2 A12
H6) = rre || Feverii-w T s<e (A

There are Legendre functions of the first and of the second kind. The Legendre
functions of the second kind are singular at the origin. The Legendre functions of the

first kind can be simplified to the Legendre polynomials (Weisstein, 2013b,a).

A.4 Spheroidal Wave Functions

The spheroidal wave functions can be expressed as a linear combination of Legen-
dre functions of first or second kind (Flammer, 1957; Meixner and Schéfke, 1954;
Abramowitz, 1972; Weisstein, 2013c). The prolate spheroidal wave functions satisfy
the differential equations (Abramowitz, 1972, 21.6)

d d 2
and
2
@ D)L R )]~ o — P+ T N R(e,€) =0, (A1d)

de dé € -1
R0 (2) is the radial and S,,,(2) the angular spheroidal wave function. Their dif-
ferential equations are equal but are defined over different ranges of z. The angular

spheroidal wave functions are defined over the interval z € [—1, 1] (Weisstein, 2013c).
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The differential equations satisfied by the oblate spheroidal wave functions can be
derived from the prolate differential equations by the transformation £ — +i{ and
¢ — +ic (Abramowitz, 1972).

If ¢ = 0 the spheroidal wave functions are equal to the Legendre Polynomials (Weis-

stein, 2013c).
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Appendix B

Mathematica Code

In this chapter the mathematica code used for the graphics in chapter 5 is given and
explained. For the legends the mathematica package Plot Legends! is used. This
chapter is organized like chapter 5 such that the code corresponding to the respective

figures can be found easily.

B.1 Allele Frequency Density without Selection

B.1.1 Gegenbauer Polynomials
Polynomials

The Gegenbauer polynomials are plotted for different values of n in Figures 5.2 and

5.3.

Plot | {GegenbauerC[0, 1.5, 1 — 2xx],

GegenbauerC[1, 1.5, 1 — 2xx],
GegenbauerC[2, 1.5, 1 — 2xx]|}, {x, 0, 1},

PlotLegend —> {Style[”n=0", 18], Style[’n=1", 18],
Style[”n=2", 18]},

LegendShadow —> None,

PlotStyle — AbsoluteThickness[2],

AxesLabel — {7x”7, "Cn"1.5(1-2x)"},

LegendPosition — {—-0.9, —0.65},

LegendSize —> 0.35,

BaseStyle —> {FontSize —> 18}]

Plot | {GegenbauerC[5, 1.5, 1 — 2xx],

Thttp://reference.wolfram.com/mathematica/PlotLegends/tutorial/PlotLegends.html
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GegenbauerC[6, 1.5, 1 — 2xx]},
{x,0, 1},
PlotLegend —> {Style[’n=5", 18],
Style["n=6", 18]},
LegendShadow —> None,
PlotStyle —> AbsoluteThickness[2],
AxesLabel —> {"x”, "C.n"1.5(1-2x)"},
LegendPosition —> {-0.9, —0.63},
LegendSize —> 0.35,
BaseStyle — {FontSize —> 18}]

Figure 5.4 was created for different values of n with the following code:

ListLinePlot |
Table [ GegenbauerC[n, 1.5, 1 — 2x0.9],
{n, 0, 40, 1}],
PlotStyle — AbsoluteThickness[2],
AxesLabel —> {"n”, "Cn"1.5(1-2p)"},
BaseStyle — {FontSize —> 18}]

Allele frequency density
The transition density given by the solution of Crow and Kimura (1970) is calculated.

phi[x_, p_, t_, lim_] := Module[{m}, {
m = Ceiling[(—t + Sqrt[t]
Sart [t — 4 Log[lim]])/(2 t)];
ParallelSum [(2 i + 1)xpx(1 — p)/(ix(i + 1))=
GegenbauerC[i — 1, 1.5, 1 — 2xp]x
GegenbauerC[i — 1, 1.5, 1 — 2xx]x
Expl—i*(i + 1)«t], {i, 1, m}]}]

Since it is given as an infinte sum it is necessary to introduce a stopping condition.
For this stopping condition m is used. The sum is continued until e~*=7 is smaller

than lim. The plot in Figure 5.1 is created by the following code.

t — 4log(lim) — ¢
findm][t_, lim_]:=Ceiling| og(lim) ]

52



Plot[{findm][¢, 0.01], findm[¢, 0.001], findm][t, 0.0001]}, {¢,0, 0.2},
PlotLegend — {e~*"7<0.01,e"*"<0.001, e~ <0.0001}
LegendShadow — None,

PlotStyle — AbsoluteThickness[2],
PlotRange — {0, 80},

AxesLabel — {r,n},
LegendPosition — {0.2,0},
LegendSize — 0.5,

BaseStyle — {FontSize — 18}]

The three dimensional plot of the transition density in Figure 5.5 is created with:

Plot3D [phi[x, 0.4, t, 0.0001], {x, 0.001, 0.999},
{t, 0.0001, 0.1},
AxesLabel —> {” allele frequency”, ”"tau”, ”density”},
PlotRange —> Full]

Change in the Probability Mass

For Figures 5.6 and 5.7 the integral was calculated at some points and then the

difference was taken.

intTable =
Table[ Integrate[phi[x, 0.4, t, 0.001],
{x, 0.001, 0.999}][[1]],
{t, 0.01, 0.2, 0.005}]

ListPlot [
intTable ,
AxesLabel —> {"tau”, 7area”},
DataRange —> {0, 0.2},
PlotStyle — AbsoluteThickness[2],
BaseStyle — {FontSize —> 18}]

ListPlot[— Differences [intTable],
AxesLabel —> {"tau”, 7area’”},
DataRange —> {0.01, 0.1},
PlotRange —> {0, 0.0015},
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PlotStyle —> AbsoluteThickness[2],
BaseStyle —> {FontSize —> 18}]

B.1.2 Legendre Polynomials

Those are the plots for the solution presented in section 4.3.

Allele frequency density

The allele frequency density (Figure 5.8) is calculated using the following code. As

before m is used to set a stopping condition for the otherwise infinte sum.

phi[x_-, p-, t-, lim_] := Module[{m},
{m = Ceiling[(—t + Sqrt[t]
Sart [t — 4 Tog[lim]])/(2 t)];
ParallelSum [(2%i + 1)/2xLegendreP[i, 1 — 2xp]=x
LegendreP [i, 1 — 2xx]x(xx*(1 — x))"(1/2)/2
“Bxp[—ix(i + 1)xt], {i, 0, m}]}]

Plot3D |
phi[x, 0.4, t, 0.0001],
{x, 0.001, 0.999},
{t, 0.0001, 0.1},
AxesLabel —> {” allele frequency”, ”"tau”, ”density”},
PlotRange — Full]
Polynomials

The Gegenbauer polynomials are plotted for different values of n in Figures 5.9 and

5.10.

Plot | {LegendreP [0, 1.5, 1 — 2xx],

LegendreP[1, 1.5, 1 — 2xx],
LegendreP[2, 1.5, 1 — 2xx]|},

{x, 0, 1},

PlotLegend —> {Style[”’n=0", 18],
Style["n=1”, 18], Style[?’n=2", 18]},

LegendShadow —> None,

PlotStyle —> AbsoluteThickness[2],

AxesLabel — {"x”, "P.n(1-2x)"},

LegendPosition — {—-0.9, 0.23},
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LegendSize —> 0.3,
BaseStyle —> {FontSize —> 18}]

Plot | {LegendreP[5, 1.5, 1 — 2xx],

LegendreP [6, 1.5, 1 — 2xx]},

{x, 0, 1},

PlotLegend —> {Style["n=5", 18],
Style[”n=6", 18]},

LegendShadow —> None,

PlotStyle — AbsoluteThickness[2],

AxesLabel — {”"x”, 7”P.n(1-2x)"},

LegendPosition — {—-0.9, 0.48},

LegendSize —> 0.3,

BaseStyle —> {FontSize —> 18}]

B.2 Allele Frequency Density with Selection

B.2.1 Spheroidal Wave Functions

In Figures 5.11 and 5.12 the oblate spheroidal wave functions are shown for different

values of n.

Plot [ {SpheroidalPS[1, 1, —Ix1, 1 — 2xx],
SpheroidalPS[2, 1, —Ix1, 1 — 2xx],
SpheroidalPS[3, 1, —Ix1, 1 — 2xx]},

{x, 0, 1},

PlotLegend —> {Style[”n=0", 18],
Style["n=1”, 18], Style[?’n=2", 18]},

LegendShadow —> None,

PlotStyle —> AbsoluteThickness[2],

AxesLabel —> {"x”, 7S.n(1,1-2x)"},

LegendPosition — {—-0.9, 0.23},

LegendSize —> 0.3,

BaseStyle — {FontSize —> 18}]

Plot [ {SpheroidalPS[5, 1, —Ixl, 1 — 2xx],
SpheroidalPS[6, 1, —Ix1, 1 — 2xx],
SpheroidalPS[7, 1, —Ix1, 1 — 2xx]},
{x, 0, 1},
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PlotLegend —> {Style[’n=5", 18],
Style["n=6", 18], Style[’n=T7", 18]},

LegendShadow —> None,

PlotStyle — AbsoluteThickness[2],

AxesLabel — {”x”, "S.n(1,1-2x)"},

LegendPosition — {—-0.9, 0.25},

LegendSize —> 0.3,

BaseStyle —> {FontSize —> 18}]

B.2.2 Allele Frequency Density
The allele frequency density is calculated with the following function:

density [x_, c., t_] :=
1/2x(xx(1 — x))"(1/2)*Exp[2*cxx]*
ParallelSum |
(Re[SpheroidalPS[n, 1, —I*xc, 1 — 2x0.4]] =«
Re[SpheroidalPS [n, 1, —Ixc, 1 — 2xx]])
xExp[—Re[SpheroidalEigenvalue [n, 1, c]

+ ¢ 2]*t]
(2%n + 1)/(2*nx(n + 1)),
{n, 1, 40}]

B.2.3 Allele Frequency Density with v = 0.1
The result can be seen in Figure 5.13.

list = Table] density [x, 0.1, t],
{t, 0.02, 0.1, 0.02},
{x, 0.1, 0.9, 0.02}]

ListLinePlot [list ,
PlotLegend —> {Style[” tau=0.02", 18],
Style[” tau=0.04",
Style[” tau=0.06",
[
[

18],
18]
Style[” tau=0.08", 18],
Style[”tau=0.1", 18]}

LegendSize —> 0.6,
PlotRange —> Automatic,
DataRange —> {0, 1},
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LegendPosition — {0.5, —0.1},
LegendShadow —> None,

PlotStyle —> AbsoluteThickness[2],
AxesLabel — {"x”, ”density”},
BaseStyle — {FontSize —> 18}]

B.2.4 Allele Frequency Density with v =1
The result can be seen in Figure 5.15.

list2 = Table[ density[x, 1, t],
{t, 0.02, 0.1, 0.02},
{x, 0.1, 0.9, 0.02}]

ListLinePlot |

list2 ,

PlotLegend —> {Style[” tau=0.02", 18],
Style[” tau=0.04",
Style[” tau=0.06",
Style[” tau=0.08",
Style[” tau=0.1",

PlotRange —> Automatic,

DataRange —> {0, 1},

LegendPosition — {—-0.90, —0.04},

LegendSize —> 0.6,

LegendShadow —> None,

PlotStyle — AbsoluteThickness[2],

AxesLabel — {”x”, ”density”},

BaseStyle —> {FontSize —> 18},

LegendSize —> 0.8]

B.2.5 Allele Frequency Density with v =3
The result can be seen in Figure 5.14.

list3 = Table|[ density[x, 3, t],
{t, 0.02, 0.1, 0.02},
{x, 0.1, 0.9, 0.02}]

ListLinePlot [
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list3 ,
PlotLegend —> {Style[” tau=0.02", 18],
Style[” tau=0.04", 1
Style[” tau=0.06", 1
Style[” tau=0.08", 1
[ 18

8],
8],
8],

Style[” tau=0.1", 1},

PlotRange —> Automatic,

DataRange — {0, 1},

LegendPosition — {—-0.85, —0.05},

LegendSize —> 0.6,

LegendShadow —> None,

PlotStyle —> AbsoluteThickness[2],

AxesLabel —> {"x”, 7 density”},

BaseStyle —> {FontSize —> 18}]
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Appendix C

Zusammenfassung

In dieser Magisterarbeit wurden die Methoden zur Berechnung der Wahrscheinlich-
keitsdichte der Allelfrequenzen von Kimura (1955) und Song and Steinriicken (2012)
erklart, und eine eigene Methode vorgestellt. Der é&lteste Losungsweg stammt von
Kimura (1955). Dieser basiert, im Fall mit Selektion, auf der Verwendung von
Oblate Sphéroidfunktionen, wie sie von J. A. Stratton (1941) und J. A. Stratton
(1954) vorgestellt wurden. Die Eigenwerte und Eigenfunktionen wurden von Kimura
(1955) mittels Taylorentwicklung um den Selektionskoeffizenten v berechnet, als Folge
davon ist die Lésung von Kimura fiir héhere Werte von « nicht sehr genau (Song
and Steinriicken, 2012). Die Lésung von Song and Steinriicken (2012) basiert eben-
falls auf der Definition der Sphéroidfunktionen von J. A. Stratton (1954), aber die
Eigenwerte werden durch die Losung eines endlich-dimensionalen Gleichungssystems
gefunden. Die Moglichkeiten der Computer gestiitzten Berechnung haben sich seit
Kimura (1955) weiterentwickelt und so war es Song and Steinriicken (2012) moglich
einen Algorithmus fiir die Berechnung der Eigenwerte in der Programmiersprache C
zu implementieren.

Zur selben Zeit als Stratton die Tabellen zur Berechnung der Sphéaroidfunktionen
publizierte, bekamen die Sphéroidfunktionen, wegen ihrer Anwendungsmoglichkeiten
in der Physik und Quantenmechanik, sehr viel Aufmerksamkeit. Daraus resultierte,
dass innerhalb kurzer Zeit viele Publikationen mit unterschiedlichen Notationen der
Sphiroidfunktionen erschienen. In Abramowitz (1972) gibt es eine Ubersicht der un-
terschiedlichen Notationen. Die Notationen von Meixner and Schifke (1954) und
Flammer (1957) sind heute die {iblichen Varianten. Die Sphéroidfunktionen von
Meixner and Schéfke (1954) und Flammer (1957) und deren Eigenwerte sind in eini-
gen Softwarepaketen implementiert (z.B. in Mathematica (Weisstein, 2013¢) und im
Mathematica Paket Falloon (2003)). Diese Funktionen wurden im Kapitel zu den

Anwendungen in dieser Arbeit verwendet. Die Sphéroidfunktionen, die von Kimura
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(1955), Song and Steinriicken (2012) und J. A. Stratton (1954) verwendet wurden,
sind definiert als eine Linearkombination von Gegenbauer Polynomen. Die Sphéroid-
funktionen werden aber allgemein als Linearkombination von Legendre Polynomen
dargestellt. In Abschnitt 4.3 wird gezeigt, dass die Vorwartsgleichung in die Dif-
ferentialgleichung der Sphéaroidfunktionen, definiert in Meixner and Schéfke (1954)
und Flammer (1957), transformiert werden kann. Da diese Funktionen in vielen Soft-
warepaketen implementiert wurden, sind diese Methoden nun einfach fiir Populations-

genetikerInnen zuganglich.
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